Let s(t) = t" + 3.1, ¢; € Q[t] be an irreducible monic polynomial
with coefficients in Q. The the Galois group G of s(t) acts on the set
R C Q of roots of s(t) in Q. In other words we have an imbedding of
the group G into the symmetric group .S,,. In particular for any ¢ € GG
we can talk about the decomposition of ¢ into a product of cycles.

Last time we have shown that the Galois group of the polynomial
t> — 6t + 3 over Q is equal to S5. Our computation was based on
the understanding of the structure of the decomposition of t° — 6t +
3 € R[t] in the product of irreducible factors. More precisely we have
shown that the polynomial s(¢) have exactly two non-real roots in C
and therefore s(t) = (t — a1)(t — a2)(t — a3)q(t),a; € R where ¢(t) €
R[t] is an irreducible quadratic polynomial and therefore there exists
o € G which is a 2-cycle.. There is an analogous approach to an
understanding of a Galois group of a polynomials s(¢) € Z[t] which
uses the decomposition of the reduction of 5(t) € F,[t] of s(t) mod p.

As you remember we have already used the reduction modp in the
proof of the Eisenstein’s criterion for irreducibility. The proof was
based of the lemma of Gauss which says that an irreducible monic
polynomial with coefficients in Z is irreducible in Q[t] iff it is irre-
ducible in Z[t]. So we can talk unambiguously about irreducible monic
polynomials in Z[t].

Let s(t) = t" + Y.y ¢; € Z[t] be an irreducible monic polynomial
and 5(t) == t" + 31 & € F,[t] where ¢ is the reduction of ¢; mod p.
Then the Galois group G of s(t) acts on the set R C Q of roots of s(t)
in Q. In other words we have an imbedding of the group G into the
symmetric group S,. In particular for any ¢ € G we can talk about
the decomposition of ¢ into a product of cycles.

Theorem 12.1. Assume that all the roots of 5(¢) in the algebraic
closure [, are simple. Let 5(t) = [[i_, &(t) be the decomposition
of 5(t) in the product of irreducible polynomials g;(t) € F,[t]. Then
there exists an element o; € G which is a product of cycles of lengths
deg(qi(t)),1 < i < a.

Example. Let s(t) = t° —t — 1 € Z[t]. Let sy(t) € Fy[t] be the
reduction of s(t) mod 2 and s;5(t) € Fs[t] be the reduction of s(t)
mod 5. One can check that the reduction of s5(t) is irreducible and
so(t) = (2 +t+ 1)(t + t* + 1) is the decomposition of sy(t) in the
product of irreducible factors. It follows now from Theorem 12.1 that
there exists elements o, 7 € GG such that 7 is a 5-cycle and o is a product
of a 2-cycle and a 3-cycle. But then o3 is an elementary transposition
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and it follows from Lemma 11.3 ¢) that the subgroup of S5 generated
by (03, 7) is equal to S5. So G = Ss.

The proof of the Theorem 12.1 is based on the theory of extensions
of rings. We don’t have enough time to derive the Theorem 12.1 but
will develop some important concepts which are used in the proof of
Theorem 12.1.

We start with some results in the theory of free abelian groups.

Let A be a finitely generated abelian group and A" C A a subgroup
fo finite index d. For any number m the inclusion 7 : A’ < A induces
the homomorphism i, : A’/mA’/ — A/mA.

Lemma 12.1. a) If m > 1 is a number prime to d then the the
homomorphism i, : A’/mA’/ — A/mA is an isomorphism,

b) If A is a finitely generated abelian group without non-trivial ele-
ments of finite order then A is a finitely generated free abelian group.
[That there exists ey, ...e, € A such that any element A € A can be
written uniquely as a sum \ = Z?:l ciei,ci € 1 .

I’ll leave the proof of Lemma 12.1 as a homework.
We will also need the following result from linear algebra.

Let V be a finite-dimensional Q-vector space of dimension n, (,) :
V xV — @Q a nondegenerate symmetric bilinear form, ey, ..., e,, a basis
of V such that (e;,e;) € Z for all 1 < 4,5 < n. Let B be an n x n
matrix with elements b;; := (e;,e;) and D := Det(B).

We denote by A C V be the free abelian group generated by this
basis and define AY := {v € V|(v,¢;) € Z for all 1 < i <n. It is clear
that A C AV,

Lemma 12.2. a) AV is a free abelian group with n generators,

b) the factor group AY/A is finite and |AY/A| = |D|,

c) if A C AY be an abelian subgroup such that A D A the A is is a
free abelian group with n generators.

I’ll leave the proof of Lemma 12.2 as a homework.

Definition 12.1. a) Let K D Q be a finite extension. Given o € K
we denote by Z[a] the subring of K generated by «. In other words
Z|a] is the set of all elements # € K which can be written in the form
B =>", et where ¢; € Z.

b) We say that an element € K is integral if the ring Z[«] is finitely
generated as an abelian group. [That is there exists a set 71, ..., v, €
Z[a] such that any element 3 € Z[a] can be written in the form § =
> i civi where ¢; € Z].
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Lemma 12.3. Let K D Q be a finite extension, « € K .Then the
following three conditions are equivalent.

a) a is a root of a monic polynomial s(t) with coefficients in Z ,

b) « is integral,

c) there exists a module M over the ring Z[a] such that M which is
finitely generated abelian group without nonOtrivial elements of finite
order.

Proof. a) = b).

Assume a). Assume that a € K is a root of a monic polynomial
s(t) = t"+ 3.1 ¢; with coefficients in Z. Let M be the set of elements
in K which can be written in the form Z?:o a;at,0<i<mn,a; €7Z. 1
claim that M = Z]a]. Of course it is sufficient to show that

o' € M for all i > 0. By the construction we have o € M for i < n.
Since p(a) == a™ + 3 cia = 0 we have " = — > ;al € M. Tt
is easy now to show by induction in ¢ that o* € M for all 7 > 0.

b) = ¢). Take M :=Z|a].

¢) = a). As follows from Lemma 12.1 there exists elements my, ..., m,, €
M such that for any m € M there exists unique set a; € Z,1 < j <n
such that m = 37| a;m;.

For all ¢,1 < ¢ < n we am; € M and therefore there exists a;; €
Z,1 <i,j < n such that am; =377, a;jm;.

We denote by T': K™ — K" the K-linear transformation given by
T(e;) = »_;_, aije; where ej,1 < j < n is the standard basis in K™.
Let p(t) := Det(tId — T'). Then [by the teorem of Hamilton-Caley] we
have p(T') =). Therefore p(or) = 0. On the other hand it is clear that
p(t) is monic polynomial in Z[t].(]

Remark. If a € K is a integral element and s(t) = Irr(a,Q,t)

then the natural homomorphism Z[t] — Z[a],t — « defines a ring
isomorphism Z[t|/(s(t)) — Z[a].

Corollary. Let K D Q be a finite extension and A C K be the set
of integral elements. Then A is a subring of K.

Proof. We have to show that for any pair a,b € A the sum a + b
and the product ab are also integral. As follows from Lemma 12.3 it
is sufficient to construct a subgroup M C K which is invariant under
the multiplication by a + b and ab and which is finitely generated as an
abelian group.

Let M C K be the abelian subgroup generated by elements of the
form zy,x € Zlal,y € Z[F]. 1t is clear that M is invariant under the
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multiplication by a and b and therefore is invariant under the multipli-
cation by a + b and ab. On the other hand if z; € Zlal,y; € Z[F],1 <
i <s,1 <j <tare generators of the abelian groups Z[«] and Z[f3] then
the products z;y;,,1 <@ < s,1 < j < t generate the abelian group
M.O

Definition 12.2. The ring A C K of integral elements of K is called
the ring of algebraic integers in K.

Lemma 12.4. Let L C Q be a finite extension, o € A be an integral
element. Then Ty g(a), Nijo(a) € Z.

Proof. I'll only show that Trpg(a) € Z. Let s(t) = t"+3 1 e;t' €
Q[t] be an irreducible monic polynomial with coefficients in Z such that
s(a) = 0. Then it follows from Lemma 9.1 that 77k q)/0(®) = —cn—1 €

Z. But than Trp () = [L : K(a)]Trk@)ol(a) € 2.0

Example. Let n € Z — Z?, K = Q(y/n). Any element in K has a
form a = a + by/n. How to see when o € A?

As follows from Lemma 12.4 if o € A then Trg/g(a)t, Nk jg(a) € Z.
In other words 2a € Z and a® — nb? € Z.

Conversely if 2a € Z and a? — nb? € Z then « is a root of a monic
polynomial t* — Trgg(a)t + Ngjg(a) = 2 — 2at + (a® — nb*) with
coefficients in Z. So we see that a € A iff 2a € Z and a* — nb* € Z.

Lemma 12.5. Assume that n is an odd square free number. Then

a) if n = 3(mod)4 then 2a € Z and a* — nb* € Z iff a,b € Z,

b) if n = 1(mod)4 then 2a € Z and a* — nb* € Z iff either a,b € Z
or 2a,2b,a — b € 7.

I’ll leave the proof of Lemma 12.5 as a homework.

Lemma 12.6. For any § € K there exists n € Z — 0 such that ng
is an integral element of K.

I’ll leave the proof of Lemma 12.6 as a homework.

Proposition 12.1. The ring A C K of integral elements of K is a
finitely generated abelian group.

Proof. Choose any 3 € K such that K = Q(f). By lemma 12.6
there exists n € Z — 0 such that a := nf € A. Since K = Q(f) we
have K = Q(a) and therefore elements 1, a,a?,...,a" 1, n = [K : Q]
is a basis of the Q-vector space K. We consider the QQ-bilinear form
(,) on K given by (z,y) := Trkg(xy). As we know from Lemma 10.4
the Q-bilinear form (,) on K is nondegenerate.
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Let A C K be the free abelian group generated by this basis and
AN :={ve K|:={veK|v,a)eZforal l<i<n. Itis clear that
A C AcC AY. So Proposition 12.1 follows from Lemma 12.2.]

Let k be a field, 5(¢) be a polynomial such that all the roots of §(¢)
in k are simple. Consider the decomposition 5(t) == [[", @(t) €
k[t] be a product of irreducible polynomials and define fields L; :=
k[t]/(g;(t)). The natural homomorphisms f; : k[t] — L;, define homo-
morphisms r; := k[t]/(5(t))] — L; and therefore a ring homomorphism
rk[t)/(5(t) — @, L.

Lemma 12.7 . [ The Chinese reminder theorem|. The homomor-
phism r: K[t]/(5(t))] — @™, L; is an isomorphism.

I’ll leave the proof of the Chinese reminder theorem as a homework.

Let s(t) = t" + 3.7~ ¢; € Z[t] be an irreducible monic polynomial,
K :=QIt]/(s(t)), A C K the ring of integers in K, a € A the image of
t under the natural surjection Q[t] — K.

Let p be a prime number and §(t) € F,[t] the reduction of s(t)
modp, A := F,[t]/(5(t)) . We denote by & € A the image of ¢ under
the natural surjection F,[t] — F,[t]/(5(t)) and by & € A the image of
t. The isomorphism Z[t]/(s(t)) — Z[a] [see the Remark after the proof

of Lemma 12.3 | defines a ring homomorphism ¢’ : Z[a]/pZ[a] — A.

Lemma 12.8 . If an irreducible monic polynomial s(t) = " +
S ¢; € Z[t] is such that all the roots of 5(t) in F, are simple then
the ring homomorphism ¢’ : Z[a]/pZ[a] — A is an isomorphism and it
extends to an isomorphism A/pA — A.

Proof. We will use notations introduced in the proof of Proposition
12.1. We also consider V := F,[t]/(5(t)) as an F, vector space and
define an F,-linear map tr : V. — F, by tr(Z) := Try Az where A; :
V — V is the operator of the multiplication by Z € V. We consider
a bilinear form (,), : V x V. — F, given by (z,7), := tr(zy). Let B
the be the matrix of the bilinear form (, ), in the basis 1, @, ...,a"'. It
is clear that B is equal to the reduction modp of the matrix B of the
bilinear form (,) in the basis 1, @, ...,a" 1.

Since the finite extension of [, is separable it follows from Lemma
12.7 that the form (,), : V x V — F, is not degenerate. So Det(B) #
0 and therefore Det(B) is prime to p. So Lemma 12.8 follows from
Lemma 12.2.0]



