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Rough paths

Definition
A p-rough path, 2 < p < 3, is a pair

X:[0,0)>H, X:A={(1)]0<s<t<oo}—>HQH
such thatXeroc,XeVﬁf, andfors<t<u

Xou = Xg e + Xy + Xy — Xp) ® (X — Xo). (Chen’s relation)

p-variation:

lmax 1/13
VPX = sup (Z|Xul — X, |p) ,

LmaxsUo<-+-<up .. 1=1

max 1/
VPX = sup (Z |Xul_1,ul|p) P.
1

!
ImaxsUo<-- <Unax 1=

How to check the conditions X € VP and X € VP/29
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Rough path lifts of martingales

Let M = (M,) be a (Hilbert space valued) cadlag martingale. Let

M, := | (M, —M,) ®dM,.
(s,1]
Then, a.s., the pair (M, M) is a p-rough path for any p > 2.
P Chen’s relation - from Itd integration

» Bound for VP M: Lépingle 1976.
» Bounds for VP/2M:

» M Brownian motion: Lyons 1998

» M has continuous paths: Friz+Victoir 2006

» M dyadic: Do+Muscalu+Thiele 2010,

» M has cadlag paths: Chevyrev+Friz 2017, Kova¢+ZK 2018.

There exist rough path lifts of over processes, e.g. Lévy processes.
Q: what is the appropriate generality for these lifting results?
How to incorporate e.g. fractional Brownian motion?
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Joint rough path lifts

All martingales and processes are adapted, cadlag, Hilbert space valued.

Theorem (Friz+ZK 2020+)

Let M = (M,) be a cadlag martingale and (X, X) a deterministic cadlag
p-rough path (2 < p < 3). Then, a.s., the pair of processes

X X [ X, ®dM,
M)'\fM,_Q®dX, [M, ®dM,

New in this result:
P Variational estimates for It0 integrals /' X dM,

P existence of and estimates for integrals /M dX.

is a p-rough path.

The proof also recovers existence of Itd integrals and estimates for
M = S M dM from previous slide.
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Martingale transforms

Let (f,,),en be a discrete time adapted process
and (g,),ey a discrete time martingale. Define paraproduct

I, (f,8) := Z (fiea —f)dgj, dg =g — gj—1-

s<j<t
Martingale in ¢ variable, discrete version of area integral.

Theorem (Main estimate)
Let1<p<00,0<q; <00,1<¢q, < o0. Defineqbyl/q=1/q,+ 1/q; and
suppose 1/r < 1/2 + 1/p. Then, with |g||,, = (Elg|HY9, Sg = [g]"2,

(5C sup 1fs = Fo,1P)
k

7
Th—1JSTk

||VVH(f,g)HLq S sup 18l

The supremum is taken over increasing sequences of stopping times T = (7).
» If fis a martingale, p = 2,1 < q; < o0, then by BDG inequality the
RHS is < [|Sf]],4,1158ll; 40 - In this case, any r > 1 works.
P For general f, RHS is < ||VPf]|,4,1|S€l|; 4, and r = p/2 works.
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Discrete approximation of adapted processes

Definition

An adapted partition T = (7;); is an increasing sequence of stopping times.
Adapted partitions are ordered by a.s. inclusion of the sets {7; | j € N}.

The set of adapted partitions is directed, so lim, makes sense.

For an adapted partition 7, let

lt, 7] :=max{sex|s <t} jf”) = fiom)-
Lemma
Iff € LY(VP) for some q > 0 and p > 1, then
limf( =f in LI(VP)
T

forany p € (p, o) U {c0}.

Proof.
Given € > 0, consider the adapted partition

My =0, my(w):= inf{t > m(@) | If; = frj(w)l(@) > G}- N
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Discrete approximation of 1t6 integrals

The 1t6 integral of the discretized process f(”) is given by
' )
f L dMy, = Y fr (Mg —Mg ), TET
0 Jim<T

The RHS is a martingale transform, to which our main estimate applies.
Since it converges to the It0 integral, we get the same estimate for it:

IV DN e S VAl 11581l a0
where 1/r > 1/2 + 1/p and
H(f’ g)s,t = (fu— _fs) dgu
(s,1]

In fact, the discrete estimate gives more: the discrete approximations are a
Cauchy net in the space LI(V"), so we also reprove the existence of the It6
integral.
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Stopping time reduction

fadapted process, g martingale
Martingale transform: IT, ,(f,g) = < (i1 — f:)dg
Square function: Sg = [g]"/?, Ho&lder exponents: 1/q = 1/q, + 1/q;.

Theorem (Main estimate)
Suppose 1/r < 1/p + 1/2. Then

||VrH||Lq(_Q) S ||Vpﬂ|Lq1(g)||Sg||qu(Q)-

The V" norm is estimated as follows.

Lemma
Let (I, )<, be a cadlag adapted sequence with I1, , = 0 for all t.
Then, for every 0 < p < r < oo and q € (0, oo], we have

(X swp_inlY)

. . ! .
j=1 Tj—1SI<t'<T;

1/p

: €y

VII||,, S su
VTl < sup .

where the supremum is taken over all adapted partitions t.
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Stopping time construction

For simplicity, we consider processes I, , = X, — X;.
Let Vi 1= sup,n | X — X |-
Construct stopping times with m € N:

™ =0, = inflt> ™ | 1x, - X | > 27"V 10}

Then (WX) <cC Z ZIX (m) = -X (m)|

m=0j=1

<C Z Qmve) P ZIX m = -X (m)l

m=0

Since V*° < V', and assuming V" < oo, this implies

m=0
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Lépingle’s inequality

Above stopping time argument first used in the following result.

Theorem (ZK 2019)

Let M be a martingale and w a positive random variable.
For1 < p < oo and 2 < r, we have

HVrM”Lp(w) < Cp,rAp(W)max(l’l/(p_l))”MHLP(w)’

where the A, charactersitic is given by

Ayw) i= sup  [[E(w | F)EMWYED | 2L

T stopping time

Classical Lépingle’s inequality is the case w = 1, A,(w) = 1.
Weighted inequalities imply vector-valued inequalities.

For dealing with martingale transforms, we use vector-valued BDG
inequalities that follow from weighted inequalities by Osgkowski.
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Sketch of proof of the main estimate

fadapted process, g martingale
Martingale transform: IT; (f,g) = Z;<]<[(fi—l — f)dg;
Square function: Sg = [g]"/?,

exponerIts: 1/q = 1/qy + 1/qy, 1/p = 1/p + 1/2.
For an adapted partition 7, want to show

| s e

% Sg .
o i<, Q ” fHqu (Q)” ”mo(ﬂ)
Simplecase: ¢, =qy=p=2,q=p=1.

BDG =

IIZ sup ||, = ZII sup [M|ll; 5 ZIISHT, Lyl

j= I[TJ—I’TJ j=1 Tj 17‘[}

= [EZ(Z |gk gk— | ) (hereftq) :ft/\‘(j _ft/\‘rj 1)

1/2 o ()12 n1/2

< [EZU“) (e~ < EXER) T EX I’ -8l 1)
j=1 j=1 k

If one of the conditions q, = p, ¢ = p, q, = 2 fails, things get more tricky.
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Integration by parts
(X, X) rough path, M martingale
So far we have estimated /' XdM and /' M dM.
Next, we want to construct and estimate ITI(M, X) = S M dX.
We do this by partial integration:

(M, X) := SMSX — II(X, M) — [ X, M].
The bracket is given by
[X.Mly = ), AX,AM,, AM, =M, —M,_.

u<T

Variation norm estimate for the bracket:

|(Z( sup |5[X,M]t,t’|)p)1/p

=1 Tj— 1<t<t'<T;

stopping
VXM, S

L4

vector BDG

SIS0 S v ian

J=1 Tj_1<u<t;

Holder

< VX HZ 3 |AM|)

J= 1Tj 1<M<Tj

L4
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