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Abstract

We prove sharp weighted estimates for intrinsic square functions and r-variations
of averages and truncated singular integrals on suitable spaces of homogeneous type,
including homogeneous nilpotent Lie groups.

1 Introduction

Throughout the article (X, p, u) denotes an (Ahlfors—David) D-regular space of homogeneous
type (definitions of these and other terms are given in Section 2). Variational estimates for
the averaging operators

A f (x) = u(B(x, )™ ( )f(y)du(y) (1.1)
B(x,t
on X = R” have been introduced by Bourgain [Bou89]. A comprehensive theory covering
the full range of LP spaces and variational exponents r both for averages (1.1) and truncated
singular integrals

T.f(x) = / Ky ) 1.2)
p(x,y)>t

has been developed by a number of authors [JRW03; JKRW98; JSW08]. Some of their
estimates have been extended to weighted L spaces in [MTX15a; KZK14; MTX15b].

Sparse domination has been developed in [Ler13; Lac15; HRT15] in order to simplify the
proof of the A, theorem for Calderén-Zygmund (CZ) operators [Hyt12]. In a short period of
time since 2015 this idea has been applied in many settings which go beyond CZ theory, and
we are not going to survey these developments. In the CZ setting it is by now well understood
that sparse domination follows from suitable localized non-tangentional endpoint estimates;
several abstract results formalizing this principle appeared in [Ler16; FSZK16; CACDPO16].
These techniques have been applied to r-variational estimates for truncated singular integrals
in [HLP13] (smooth truncations) and [FSZK16] (sharp truncations).

In this article we extend these r-variational estimates to a class of non-convolution type
singular integrals. We formulate our results on classes of spaces of homogeneous type
that include homogeneous nilpotent Lie groups. In this setting we also obtain some sharp
weighted inequalities for square functions and r-variation of averages.
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Weighted estimates for r-variation of averaging operators (1.1) have been obtained in
[KZK14]. While in retrospect the methods of that article easily imply sparse domination of
r-variations, the endpoint estimate for the jump counting function below requires a new
ingredient.

Theorem 1.3. Suppose that the space X has the small boundary property. Then the operators
f - A‘l\/ (A f 10 <t <o0) are pointwise controlled by sparse operators uniformly in
A > 0. Moreover, for every r > 2 the operator f — V"(A,f : 0 < t < 00) is pointwise controlled
by sparse operators with constant Cyr/(r — 2).

Known estimates for sparse operators (see [HL15] for p > 1 and [DSLR16] for p = 1)
yield the following consequences for the jump counting function (and similar ones for
r-variations).

Corollary 1.4. With the hypotheses of Theorem 1.3

127 £A(F ) £ > Olluoy S [, 012w + 0T/ f ey, 1<p < o0,

(1.5)
127V A AF ) : > Ollpeeiy Sx (W, 0L IWL 1 oo, 1<p<oo,
(1.6)
1
”A_l \/fA(At(fo-) t> O)“L“’"(w) SX E /lf|MLloglogL(logloglogL)‘lW) l<a<2.
X
(1.7)

Finally, we obtain r-variational estimates for a class of non-convolution type singular
integral operators.

Theorem 1.8. Suppose that the space X has the small boundary property and the metric p
satisfies the Holder type condition

lp(x,2) = p(¥,2)| < Cmax(p(x,2), p(¥,2)) "p(x,y)" (1.9)

forsome 0 <n <1.
Let K : X x X \ {diagonal} — C be a Holder continuous CZ kernel, that is, a function that
satisfies the size condition

supp(x, y)’|K(x,y)| <1, (1.10)
x#y
the smoothness estimate
/ / p(x7x/) _
IK(x,y) —K(x', y)I+ [K(y,x) —K(y,x)| < (p(x 3 ) p(x,y)" (1.11)

for all x,y with p(x,y) > 2p(x,x") > 0, and the cancellation condition

/ K(x,y)dx=/ K(x,y)dy=0, 0<r<R<oo0. (1.12)
r<p(x,y)<R r<p(x,y)<R
Consider the associated truncated singular integral operators (1.2).

Then for every r > 2 the operator f — V'(T.f : 0 < t < 00) is pointwise controlled by
sparse operators with norm Cy ,r/(r — 2).



Corollary 1.13. With the hypotheses of Theorem 1.8

r /
IV (T(f o) t > O)lpouy Sx = [w, 0 1P UIWDY” + LoV f ooy, 1< p < oo,

r—2
(1.14)
r /
V(T (o) £ > Olliry S ——5 (W, 1 WL If oo, 1<p<oo,
(1.15)
r
IVI(T(f): t > 0)llprooquy Sx T oa_1 /|f|ML1oglogL(1ogloglogL)aW, l1<a<2.
X
(1.16)

It is known [MS79, Theorem 2] that for every quasimetric p there exist @ > 0 and
a metric p ~ p* with the property (1.9). More practically, the property (1.9) holds for
homogeneous metrics on homogeneous nilpotent Lie groups.

The conclusion of Theorem 1.8 has been previously known for convolution type CZ
kernels on R? by [MST15, Theorem A.1] (unweighted L? estimates), [CJRWO03, Theorem B]
(weak type (1,1)), and [FSZK16] (reduction of weighted to unweighted estimates).

For rough homogeneous kernels on R” variational estimates have been proved in
[CJRWO03, Theorem A] (see also [JSW08] and [DHL15]). Quantiative weighted estimates
for rough homogeneous kernels have been recently obtained in [HRT15; CACDPO16] and
extended to their maximal truncations in [Ler17; DPHL17]. It would be interesting to extend
these results to variational truncations and also homogeneous groups as in [Tao99].

2 Notation and tools

2.1 Spaces of homogeneous type

Definition 2.1. A quasi-metric on a set X is a function p : X X X — [0,00) such that
p(x,y)=0 < x =y that is symmetric and satisfies the quasi-triangle inequality

p(x,y) <Ay(p(x,2)+p(z,y)) forall x,y,z€X (2.2)

with some A, < oo independent of x, y, z.
A measure y on a quasi-metric space (X, p) is called doubling if there exists A; < co such
that
w(B(x,2r)) <Aju(B(x,r)) forall xeX,r>0, (2.3)

A tuple (X, p, u) consisting of a set X, a quasi-metric p, and a doubling measure u is called
a space of homogeneous type.

A space of homogeneous type (X, p,u) is called (Ahlfors-David) D-regular, D > 0, if
there exist 0 < ¢, C < oo such that for all x € X and r > 0 we have

cr? <u(B(x,r)) < crP.

A D-regular space necessarily has no atoms. We say that a family 2 of subsets of X has the
small boundary property if there exist n > 0 and C; < oo such that for every Q € 2 and every
0<7<1

;u’(ardiam(Q)Q) < CBTTIAU'(Q): (24)

3



where

0,(Q)={x€Q:dist(x,X \Q) < 1}U{x €X \Q:dist(x,Q) < 7}. (2.5)

We say that (X, p, u) has the small boundary property if the collection of all metric balls has
the small boundary property.

We denote the measure of a set Q by |Q| = u(Q) and the average of a function f over Q
by (f)e=IQI™" [, fdu.

2.2 Dyadic cubes

Filtrations on spaces of homogeneous type that closely resemble dyadic filtrations on R”
have been first constructed by Christ [Chr90]. We recall their properties.

Definition 2.6. Let (X, p, u) be a space of homogeneous type. A system of dyadic cubes 9
with constants k > 1, a, > 0, C; < oo consists of collections 2;, k € Z, of open subsets of X
such that and constants ¥ > 1, a,,n > 0, C;, C, < oo with the following properties.

1. VkeZ wu(X\Ugeq, Q) =0,

2. Ifl >k, Qe 2,Q €%, then either Q' CQ or Q' NQ =0,

3. For every | > k and Q' € 9, there exists a unique Q € 9, such that Q 2 Q’,
4. Vk€Z,Q € 9, Fcq €X : B(cy,apk’) € Q S B(cg, C1x5).

Abusing the notation we write k(Q) = k if Q € 9, so that each cube remembers its scale
although the same cube (as a set) may appear in other ;. We use 2 to denote the disjoint
union of Z;.

If in addition the collection 2 has the small boundary property (2.4), then we call 2 a
Christ system of dyadic cubes.

Theorem 2.7 ([Chr90]). Every space of homogeneous type admits a system of Christ dyadic
cubes.

Remark 2.8. It is known that for every quasimetric p there exists 0 < a < 1 and a metric d
such that d(x, y) ~ p(x, y)*, see [MS79] for the first proof and [PS09] for the fact that one
can choose (2C(, 5)* = 2 (a much more verbose statement of the latter result also appears
in [MMMM13]). It is easy to see that a system of (Christ) dyadic cubes with respest to d is
also a system of (Christ) dyadic cubes with respect to p (with different constants). However,
the small boundary property of dyadic cubes seems to be substantially easier to achieve in
the metric setting using the Hardy-Littlewood maximal function on (0, 00) as on [DMO0O,
p. 146].

Throughout the article we fix a system of Christ dyadic cubes 2 on (X, p,u). We
denote by E, the conditional expectation operator onto the o-algebra generated by 2,. The
martingale difference operator is denoted by D, = E; — E;_;. The function D, f is constant
on each cube of scale k and has integral O on each cube of scale k + 1.

Definition 2.9. A finite family (2%), of systems of dyadic cubes is called adjacent if all
constants in their definitions coincide and there exists a constant C; < oo such that for every
ball B(x,r) C X there exists @ and a cube Q € 2* such that B(x,r) € Q € B(x, Csr).
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Theorem 2.10 ([HK13]). Every space of homogeneous type admits a finite collection of
adjacent systems of dyadic cubes.

Remark 2.11. It is also possible to construct adjacent systems of Christ dyadic cubes.

Example 2.12. Let X = RP with the Euclidean distance and the Lebesgue measure. For each
a € {0,1,2}" the corresponding shifted system of dyadic cubes is given by

1
9% = {270, 1)’ + m+ (—1)k§a), k€ Z,me7ZP}.

Then the systems 2%, a € {0, 1, Z}D , are adjacent. In fact, on R” one can construct D + 1
shifted systems of dyadic cubes that are adjacent [Mei03].

2.3 Sparse collections and operators

Definition 2.13. Let 9 be a system of dyadic cubes. A collection ¥ C 9 is called
1. m-sparse if there exist pairwise disjoint subsets E(Q) C Q € & with |E(Q)| > 1|Q| and
2. A-Carleson if one has ZQ,CQ,Q,Gy u(Q) < Au(Q) forallQ € 2.

It is known that a collection is n-sparse if and only if it is 1/n-Carleson [LN15, §6.1].
The corresponding sparse operator is given by

Agf =" 15{IfI)cq 2.14)
Qe
and sparse square function by
1/2
25 = (Y 147102, (2.15)
Qe

The sparse operators (2.14) and square functions (2.15) can be dominated by finite linear
combinations of similar sparse operators/square functions with respect to adjacent dyadic
grids in which the averages of f are taken over Q instead of CQ, cf. [Ler16, Remark 4.3].
Hence the usual estimates for sparse operators [HL15; DSLR16] apply to (2.14) and (2.15).

We say that an operator T is pointwise controlled by a sparse operator (or square
function) with constant C < oo if for every function f there exist 1/2-sparse collections
" C 9,n €N, such that

ITf| < CliminfA,.f or ITf| < cnr{riglfAz of

respectively, holds pointwise almost everywhere.

We use a version of the sparse domination principle in [Ler16]. Given a dyadic grid 2
denote by 92 the set of pairs (Q,Q) € 2 x 2 with Q' € Q. For a function F : 92 — [0, 00]
let - -

AF(x):= sup F(Q,Q), AHF(x):= sup F(Q,Q). (2.16)
xeQ’'cQ xeQ’'cQ
In the first definition above the supremum is taken over all Q’ and in the second over all
Q’, Q. We use the convention that the supremum of an empty subset of [0, 0] is 0.

A simple stopping time argument using the doubling condition and starting at a scale k

gives the following result.



Lemma 2.17. Let F : @é — [0, 0] be a function that is monotonic in the sense that
Q"CQ"cQ cQ = F(Q",Q)<F(Q",Q)
and {"-subadditive for some 0 < r < 0o in the sense that
Q"cQ cQ = F(Q",Q <FQ",Q) +FQ,Q).
Suppose that for every dyadic cube Q € 9 we have
AGF 1,00 < ClIf llrcoy- (2.18)

Then there exist 1/2-sparse collections &% C @ of cubes such that

JVFSC]%{IOrLigf(Q;(O 1Q(|f|>gQ)1/r (2.19)

holds pointwise almost everywhere.

2.4 Bounded r-variation and jump counting

Definition 2.20. Let I be an ordered set and (a,),c; a family of complex numbers. The
homogeneous r-variation seminorm is denoted by

to<t;<--<ty€l

J
Vi(a,:t€l):=  sup (Zlatj — atjillr)l/r
=1

and the inhomogeneous r-variation norm by

V'(a,:t€l):=supla,|+V'(a,:t€I).

tel
The A-jump counting function #,(a, : t € I) is the supremum over all J such that there exist
to<ty<---<t;with|a, —a, [>Aforallj=1,...,J.

We refer to [JSWO08] for the basic properties of the jump counting function and its
relation to r-variations.

3 Short variations

We will consider two types of short variation operators, both involving a non-tangentional
supremum component introduced in [Kral3]. Ergodic averages will be compared with a
dyadic martingale using the short variations

Sif(x):= sup VA f(xX)—Ef(x):x"/C<t<CKh). (3.1)

p(x,x)<CKk
For a CZ kernel K as in Theorem 1.8 (in fact we only need the cancellation condition in y

and the size estimate, but not the smoothness condition) we define

S f(x):= sup V¥ K(x',y)f(y)dy : k¥/C <t < Cckb). (3.2)

p(x,x)<Cxk kk/C<p(x’,y)<t



The non-tangentional short variation square function is defined by
Sf = (S f 2. (3.3)
k

In the short variation we can in fact replace 2-variation by r-variation for any r > 1,
see [KZK14]. The following result has been essentially proved in [KZK14] following the
arguments in [JKRW98; JRWO03].

Theorem 3.4. Let S, be given either by (3.1) or by (3.2). Then the operator S given by (3.3)
has weak type (1,1).

As in [ZK17], Theorem 3.4 immediately implies that S is pointwise controlled by a sparse
square function. Using the results from [HL15] this implies a sharp weighted refinement
of the case p > 1 of [KZK14, Theorem 1.4]. Similarly as in [ZK17] one can also show

||Sf||L2(w) S ||f||L2(Mw) and ”Sf”Ll’w(w) S ||f||L1(Mw)-

3.1 A reverse Holder inequality

Lemma 3.5 (cf. [JRW03, Lemma 4.2]). Let 2 C 9 be a collection of disjoint dyadic cubes of
scale < k. For each Q € 2 let b? be a scalar-valued function supported on Q with [ b?% = 0.
Then for every a > ? we have

S QB S (M) Y (6 /diam(Q)) 16, (3.6)

Qe2 Q:dist(x,Q) Sk

Proof. Clearly only cubes with dist(x,Q) < x* contribute to the left-hand side, so we
may remove all other cubes from £. Now the right-hand side of the conclusion becomes
independent of x, so it suffices to estimate the variation at an arbitrary point, which we
again call x.

We consider only the homogeneous variation, in order to get the inhomogeneous variation
it suffices to additionally consider an arbitrary (but fixed) t, which is similar but easier. For
a suitable sequence k*/C < t; <--- < t; < Ck* we have

SO0 S DD B, tt0)
Q i Q

where 4 is either a difference between two averages or an integral over an annulus. We
decompose £ = U,;,&; according to scale: £; = 2N %,,,. Each cube Q can only contribute
to the j-th summand non-trivially in two cases:

1. ifQN(@B(x,t))#Bfort =t;ort =t;y,
2. or Q € B(x, t;41) \ B(x, t;) in the case (3.2).

The second case can only occur for one index j, and the contribution of this term can be
estimated even without the growing factor in (3.6). In the first case, for a fixed scale k + i,
i < 0, the small boundary property implies that there are at most O(x*Px"/x*+0P) =



O(x'™=D)) cubes of this kind in £;, call this collection &, ;. Splitting the collection £ into
scales and applying Holder’s inequality we estimate

P IPIT I CNR;
j i<0 Qeg;
DNOIPWELLLETTBPHOI WY

i<0 Q€2 ; i<0 Q€& ;

DN IR

i<0 Qe;

in view of the hypothesis on a and the fact that |2, ;| S x(1~D)_ Estimating the 2-variation
norm by the 1-variation norm we obtain

B Kk (Z B, t),t5,1))°

i<0 QeL;

< 2kD Z (x*/diam(Q))**[|b2I%.

Q:dist(Q,x)<kk

Taking the supremum over sequences (t;); we obtain (3.6). [

3.2 Strong type (2,2)
Lemma 3.8. There exists an € > 0 such that for all k, j € 7Z we have

1Sk (Dei i fllz S 27 VNDg £ 1l (3.9)

Proof. Rescaling the metric we may assume k = 0.
Consider first j < 0. Then ED; =0, and by Lemma 3.5 with £ = 2,,, we obtain

sofos( Y wogR)”

Q€)1 :dist(x,Q)S1

<o (0 eIl

Q€7 1:dist(x,Q)S1

. 1/2
< KJ(D/Z—a)(/ |]Djf(y)|2) ’
dist(x,y)<1

and the conclusion follows since the averaging operator of scale 1 is bounded on L' and we
can choose Dz;” <a< %.

Consider now j > 0. Then S, does not vanish only in 1-neighborhoods of boundaries of
Q € 9;, and there we can estimate the 2-variation by the 1-variation. In particular,

Sol;f (x) < Z So(1D;f)(x) 3 Z 11D f 1l 16,0(x)-
Q<9 Qe9;

The latter characteristic functions have bounded overlap in view of the doubling property of
our measure space. Hence

1SeD£ 115 S D 1D FIZ12:Q1 S D 11D, FIFIQIK T = kD, £ 13,

QE@J- QE@J-

where we have used the small boundary property (2.4) of the dyadic cubes. O
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3.3 Weak type (1,1)

Proof of Theorem 3.4. It follows from Lemma 3.8 that S has strong type (2,2).
By homogeneity it suffices to prove

{2 Sf() > 1} S MIf s

We use the Calderén-Zygmund decomposition. Let £ C 9 be disjoint cubes such that such
that ||f l=coue) < 1 YigeolQl S If 11, and [If g S QI for all Q € 2. Let

eI [ f, xeQee,
g(x)= {f(x), x¢U2

and

_ Q Q _ f(x)_|Q|_1fo, x €q,
b= > b2, b(x)—{OJ NPy

Then ||g]l; < |If]l; and ||g]ls S 1, so we get the required weak type bound for g from the
strong type (2,2) bound.

With E := U, CQ, where C is sufficiently large in terms of the constants in the definition
of S,, it suffices to show

Qe2

{sb>1}\E| 5 ) lal. (3.10)
Q

To this end it suffices to show

S.b)? < ) 3.11
/X\E;( «b) ;IQI (3.11)

Let (D —m)/2 < a < D/2. For x € E only cubes of scale < k contribute to S,. Thus by
Lemma 3.5 we have

(S S M2 Y (x*/diam(Q)*[b2.

Q:dist(x,Q) <k

Hence the left-hand side of (3.11) can be estimated by

[ D03 Ly Fiam(@)P 6% ks
X\E 7 Q

S, D, (R /diam(Q))|Qf? /  Lasrorzend

Q k=k(Q)

5 Zdiam(Q)—2a|Q|2 Z K,k(—D-i-th)
Q

k>k(Q)

S D lQl*diam(Q) "
Q

< ;IQI- 0



4 Averages

The estimate for the jump counting function in Theorem 1.3 will follow from Lemma 2.17
and the next result.

Proposition 4.1. For every f € L'(X) N L*®(X), every A > 0 and k
subadditive function F; on @é such that

< o0 there exists a

max

MW HAf () kKD < £ < kKDY < F(Q,Q), x€Q S QK(Q) <

and
p{AGF, > v < CvIfllpeg foral Qe 2,v>0.

Proof. Fix A > 0. Note first that, as in [JSW08, Lemma 1.3], we have
k(Q)—-1

/ , 1/2
WHAS) D<) (3 sup Sf(x)?)
k:k(Q’)xler(x)

+ A/ 2 (B f () : k(Q) < k < k(Q)).

The first term on the right-hand side is a subadditive function F of the order interval [Q’,Q],
and its contribution is estimated by Theorem 3.4.

In order to estimate the second term we follow the proof of Lépingle’s inequality for
martingales. We construct the greedy stopping times with jump size A/8 starting with
lo(x) = kpax: given 1;(x) let 1;,1(x) < [;(x) be the largest number with |(Il§llj+1 —-E, )f (x)] >
A/8 (or —oo if no such number exists). Then

/
I I B f ) ko Sk < k) S (SJI(E o) — B ) (Er, ~ B DFCOP)
J

Let F;(Q’,Q) denote the right-hand side when x € Q' C Q, k(Q") = ko, and k(Q) = k;. Then
F;(Q,Q) is clearly a subadditive function of the order interval [Q’,Q]. Moreover,

w5 (Ymae, - )P) ",
J

where M, is the dyadic maximal operator. Hence the operator f — AF; has strong type
(2,2) by orthogonality of the operators E.,, —E ~and the martingale max1mal inequality.
Standard CZ theory can be applied to show that it also has weak type (1, 1) because the
filtration 2 is doubling. We obtain the claim with F, = F + F;. O

In order to pass to r-variations we need the fact that the p-th power of the L»* quasi-
metric is equivalent to a metric for 0 < p < 1.

Lemma 4.2 (cf. [SW69, Lemma 2.3]). Let 0 < p < 1. Then

1
Il <2 (14 725) Dl
J J
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Proof. It suffices to consider g; > 0. Moreover, by homogeneity we may assume

— — P
D=1 ¢=lglP,.

J

With this normalization we have to show
1
p _ = Yy-»
|{§j g > A} <2 (1+ 1_p)/1 .

To this end decompose g; = [;+m;+u;, where u; = g;1, ., and [; =1, 5 min(g;,c;A/2).
Then
D lsuppu;| = I{g; > A/2H < ¢;(A/2)F = (A/2)"
J J J

DL a/2< A2
J J

and

Hence it remains to estimate

|{Z m; > A/2}| < (A/2)7} /ij < (1/2)_12/(81 — CA/2)1 5 ja<g <a/2

. Al2 . A/2 ,
=(A/2)" . dt < (A/2) +Pd
(2/2) Ej:/t:wz'{gf”” £<(2/2) §j;/tzwzc]t t
p
-1 -1 _ 1- _
<) 0/ Yo/ < 7

Corollary 4.3. There exists C < oo such that for all r > 2 we have

WIAGF > v} < C—

where
F(Q,Q) = sup V' (A, f(x') : k") < ¢ < 1*Q),

x'eq’
Corollary 4.3 and Lemma 2.17 imply the estimate for r-variations in Theorem 1.3.

Proof. By homogeneity we may normalize v = 1. Let F, be the functions from Proposi-
tion 4.1.

Suppose F(Q,Q’) > 1. Then either F,(Q,Q") > 1 or all jumps involved in the definition
of r-variation in F(Q,Q’) are bounded by 1. In the latter case

1<FQQ) £ 2" 4,

[=0

so that in either case we obtain

22 PRAQ,QP R L.

>0
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Hence, using Lemma 4.2, we obtain

BIAGF > 1} < pfA (D [2707DF2 ) 2 1}

>0
—1(r— 1/2
SID 27 DA P
>0
—1(r— 1/2
S D 127 DA PN

>0

= 27D Ay

>0

S gy Q2707

[>0

r
S—— . O
~ r— 2||f||L1(CQ)

5 Singular integrals

In this section we prove Theorem 1.8. Let 1) be a smooth function supported on the interval
[1/x,x] with ), ¥ (x¥x) =1 for all x € (0, 00). Let

Ky (x, y) = K(x, y (k™ p(x, )
be the smoothly truncated dyadic pieces of K of scale k and let T) be the corresponding
integral operators

Tof (x) = / K6, y)f ()dy.

This coincides with the notation for truncated singular integrals (1.2), but there should be
no confusion between integer parameters k and positive real parameters t. The Holder
continuity hypothesis (1.9) implies that K, satisfies the same smoothness condition (1.11)
as K (up to a constant factor). Standard calculations using the cancellation and smoothness
conditions show that

||T;:</ Tk”LZ(X)—>L2(X) + ”Tk’ T;llLZ(X)—)Lz(X) 5 2_6|k_k l- (5.1)

Hence by the Cotlar-Stein lemma [Ste93, p. 280] the operator T = Y, _, T; is bounded on
L2(X).

5.1 Short variations

We split
| KGenrody= Y] [ KGensody (5.2
r<p(x,y) k=ko(r)
- / Ky, (6, ¥)f (v)dy (5.3)
KkO(=1 < p (x, ) <ckolr)
+ / K(x,y)f (y)dy, (5.4)
r<p(x,y)<xko()

where ky(r) = [log, r]. The contributions of (5.3) and (5.4) are controlled by the square
function (3.2), so it remains to estimate the contribution of (5.2).
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5.2 Strong type (2,2)

Let
F'(Q,Q):=supV' (D Tef (x) : k(Q) < ko < k(Q)).

XEQ’ kzko

First we show that the operator f — AF’ has strong type (2, 2). Following [DF86, p. 548]
we decompose

Y= > DTi= >, DTi— >, DT+ Y DT =1I+II+III

k>ko 1€Z,k>k, keZ, 1>k, 1>ko,k<kg I<ko,k>ko

The contribution of I to AF’(x) is bounded by

V'O DTf(x) ko € Z).

1>k,

Notice that the supremum over x € Q' disappeared because functions in the image of I,
are constant on dyadic cubes of scale < [. This operator is bounded on L?(X) with norm
< r/(r — 2) since T is bounded on L?(X) and by Lépingle’s inequality for martingales in the
form [Bou89, Lemma 3.3].

The remaining two terms will be estimated by square functions.

Estimate for I1

As in the estimate for I we remove the supremum over x € Q’. Then we estimate the
r-variation by the ¢? norm. Using Minkowski’s inequality for the sum over m and Cauchy—
Schwarz inequality for the sum over k we estimate

(Z| Z Dszf|2)1/2 = (Z|ZZ 1k<k0§k+ka+mka|2)1/2

ko€Z 1=kg,k<k, ko€Z m=1 keZ

= Z ( Z m2|1k<k0§k+m]D)k+mka|2) .

m>1  ko€Z keZ

= Z m(Z|Dk+mka|2) 1/2-

m=>1 kez

Hence it suffices to find an estimate for the square function on the right-hand side that
decays sufficiently quickly with m. By orthogonality

1/2
(D IPeinTif )l =13 Dy T o

kez kezZ

For each k we have

1Dk Tell 20— 1200 = 1 T Dl 1200 - 1200 S 27"

since T;'1, is bounded by a universal constant and supported on J.,«Q for every Q € 9,
in view of the cancellation condition.
Also, for all k # k’ we have

(Drsm Ti) Dy T = 0
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and

—elk—k’
”Dk’+mTk’(Dk+mTk) ||L2(X)—>L2(X) s ||Tk’T ||L2(X)—>L2(X) 27 |

by (5.1). By the Cotlar-Stein lemma [Ste93, p. 280] it follows that ||, ., Dim Till L2y 1200) S
27,

Estimate for 11

This estimate is similar to I1, but this time we have to keep the supremum over x’ € Q":

(323 10@supl 3 myrifor)

ko€Z Q€ Dy, X'€Q <k, <k

< ( Z sup |Z Z L meky<kDk—m T f (x/)|2) "

koez P(x,x)SCrR0 1n>1 ke,

(Z (Zzlk m<ko<k  SUp Dy mka(X)I) )

ko€Z m>1keZ p(x,x)<Cxk
<Y (X (et 5w T @))
m>1  ko€Z  keZ o(x,x")<CKk
1/2
2
=3 m(Y] s IDeaTifGOF)
m=>1 kez plx,x)<Cxk

We view the square sum on the right-hand side as an intrinsic square function. Indeed, the
condition (1.9) implies that K, also has Holder type regularity. Notice that D,_,,g(x") =
J ghy_m.» Where hy_,, ., is a function with mean 0 and bounded L' norm supported in
B(x,Cx*=™). It follows that for each x’ the function y — I,_, K;(x’,y), where ID,_,, acts in
the first variable, has absolute value O(x %Pk ~¢™). Moreover, it is Holder continuous since it
is an average of Holder continuous functions. The required decay in m now comes from the
estimate for the intrinsic square function, [ZK17, Theorem 1.3], with & = k=",

5.3 Weak type (1,1)
By homogeneity it suffices to show
HAF > 1} S If I

We make a CZ decomposition f = g + b. The good part g is controlled by the L? estimate.
Let Q € Z be a bad cube, b, the corresponding bad function, and Q > Q aball containing Q
with a much larger, but still comparable, radius. We estimate

/X \QJVF’(bQ)(x)dXS / > sup [Tybo(x)ldx

x\Q k>k(Q) p(x,x")SKk

S > KTl

k>k(Q)

S D KD pg

k>k(Q)

< 1bgllss
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where we have used that T b, is supported in a ball or radius O(x*), the mean zero property
of by, and Holder continuity of K;. Summing over all bad cubes we obtain the claim.

Remark 5.5. The above proof also yields L? and weak type estimates for the jump counting
function #,(T.f(x) : t > 0), and even its localized non-tangentional maximal version.
However, the jump counting function is not subadditive, and unlike in the case of averages
we have been unable to construct a subadditive majorant that still satisfies the localized
non-tangentional weak type (1, 1) estimate.

References

[Bou89]

[CACDPO16]

[Chr90]

[CJRWO3]

[DF86]
[DHL15]
[DMO0O0]
[DPHL17]

[DSLR16]

[FSZK16]

[HK13]

[HL15]

[HLP13]

[HRT15]

[Hyt12]

[JKRW98]

J. Bourgain. “Pointwise ergodic theorems for arithmetic sets”. In: Inst. Hautes Etudes Sci. Publ.
Math. 69 (1989). With an appendix by the author, Harry Furstenberg, Yitzhak Katznelson and
Donald S. Ornstein, pp. 5-45.

J. M. Conde-Alonso, A. Culiuc, E Di Plinio, and Y. Ou. “A sparse domination principle for rough
singular integrals”. Preprint. Dec. 2016. arXiv:1612.09201 [math.CA].

M. Christ. “A T(b) theorem with remarks on analytic capacity and the Cauchy integral”. In:
Colloq. Math. 60/61.2 (1990), pp. 601-628.

J. T. Campbell, R. L. Jones, K. Reinhold, and M. Wierdl. “Oscillation and variation for sin-
gular integrals in higher dimensions”. In: Trans. Amer. Math. Soc. 355.5 (2003), 2115-2137
(electronic).

J. Duoandikoetxea and J. L. Rubio de Francia. “Maximal and singular integral operators via
Fourier transform estimates”. In: Invent. Math. 84.3 (1986), pp. 541-561.

Y. Ding, G. Hong, and H. Liu. “Jump and variational inequalities for rough operators”. In: J.
Fourier Anal. Appl. (2015). To appear. arXiv:1508.03872 [math.CA].

G. David and P Mattila. “Removable sets for Lipschitz harmonic functions in the plane”. In:
Rev. Mat. Iberoamericana 16.1 (2000), pp. 137-215.

E Di Plinio, T. P Hyt6nen, and K. Li. “Sparse bounds for maximal rough singular integrals via
the Fourier transform”. Preprint. June 2017. arXiv:1706.09064 [math.CA].

C. Domingo-Salazar, M. Lacey, and G. Rey. “Borderline weak-type estimates for singular
integrals and square functions”. In: Bull. Lond. Math. Soc. 48.1 (2016), pp. 63-73. arXiv:1505.
01804 [math.CA].

E C. de Franca Silva and P Zorin-Kranich. “Sparse domination of sharp variational truncations”.
Preprint. 2016. arXiv:1604.05506 [math.CA].

T. Hytonen and A. Kairema. “What is a cube?” In: Ann. Acad. Sci. Fenn. Math. 38.2 (2013),
pp. 405-412. arXiv:1209.2885 [math.MG].

T. P Hytonen and K. Li. “Weak and strong A,-A,, estimates for square functions and related
operators”. In: Proc. Amer. Math. Soc. (2015). To appear. arXiv:1509.00273 [math.CA].

T. P Hytonen, M. T. Lacey, and C. Pérez. “Sharp weighted bounds for the g-variation of
singular integrals”. In: Bull. Lond. Math. Soc. 45.3 (2013), pp. 529-540. arXiv:1202.2229
[math.CA].

T. P Hytonen, L. Roncal, and O. Tapiola. “Quantitative weighted estimates for rough ho-
mogeneous singular integrals”. In: Israel J. Math. (2015). To appear. arXiv:1510 . 05789
[math.CA].

T. P Hytonen. “The sharp weighted bound for general Calderén-Zygmund operators”. In: Ann.
of Math. (2) 175.3 (2012), pp. 1473-1506. arXiv:1007 .4330 [math.CA].

R. L. Jones, R. Kaufman, J. M. Rosenblatt, and M. Wierdl. “Oscillation in ergodic theory”. In:
Ergodic Theory Dynam. Systems 18.4 (1998), pp. 889-935.

15


http://dx.doi.org/10.1007/BF02698838
http://arxiv.org/abs/1612.09201
http://dx.doi.org/10.4064/cm-60-61-2-601-628
http://dx.doi.org/10.1090/S0002-9947-02-03189-6
http://dx.doi.org/10.1090/S0002-9947-02-03189-6
http://dx.doi.org/10.1007/BF01388746
http://dx.doi.org/10.1007/BF01388746
http://dx.doi.org/10.1007/s00041-016-9484-8
http://arxiv.org/abs/1508.03872
http://dx.doi.org/10.4171/RMI/272
http://arxiv.org/abs/1706.09064
http://dx.doi.org/10.1112/blms/bdv090
http://dx.doi.org/10.1112/blms/bdv090
http://arxiv.org/abs/1505.01804
http://arxiv.org/abs/1505.01804
http://arxiv.org/abs/1604.05506
http://dx.doi.org/10.5186/aasfm.2013.3838
http://arxiv.org/abs/1209.2885
http://arxiv.org/abs/1509.00273
http://dx.doi.org/10.1112/blms/bds114
http://dx.doi.org/10.1112/blms/bds114
http://arxiv.org/abs/1202.2229
http://arxiv.org/abs/1202.2229
http://arxiv.org/abs/1510.05789
http://arxiv.org/abs/1510.05789
http://dx.doi.org/10.4007/annals.2012.175.3.9
http://arxiv.org/abs/1007.4330
http://dx.doi.org/10.1017/S0143385798108349

[JRWO3]

[JSWOS]

[Kral3]

[KZK14]

[Lacl5]

[Lerl3]

[Lerl6]

[Lerl7]

[LN15]

[MeiO3]

[MMMM13]

[MS79]

[MST15]

[MTX15a]

[MTX15b]

[PS09]

[Ste93]

[SW69]

[Ta099]

[ZK17]

R. L. Jones, J. M. Rosenblatt, and M. Wierdl. “Oscillation in ergodic theory: higher dimensional
results”. In: Israel J. Math. 135 (2003), pp. 1-27.

R. L. Jones, A. Seeger, and J. Wright. “Strong variational and jump inequalities in harmonic
analysis”. In: Trans. Amer. Math. Soc. 360.12 (2008), pp. 6711-6742.

B. Krause. “On Higher-Dimensional Oscillation in Ergodic Theory”. Preprint. 2013. arXiv:1309.
2336 [math.CA].

B. Krause and P Zorin-Kranich. “Weighted and vector-valued variational estimates for er-
godic averages”. In: Ergodic Theory Dynam. Systems (2014). To appear. arXiv:1409.7120
[math.CA].

M. T. Lacey. “An elementary proof of the A, bound”. In: Israel J. Math. (2015). To appear.
arXiv:1501.05818 [math.CA].

A. K. Lerner. “A simple proof of the A, conjecture”. In: Int. Math. Res. Not. IMRN 14 (2013),
pp. 3159-3170. arXiv:1202.2824 [math.CA].

A. K. Lerner. “On pointwise estimates involving sparse operators”. In: New York J. Math. 22
(2016), pp. 341-349. arXiv:1512.07247 [math.CA].

A. K. Lerner. “A weak type estimate for rough singular integrals”. Preprint. May 2017.
arXiv:1705.07397 [math.CA].

A. K. Lerner and E Nazarov. “Intuitive dyadic calculus: the basics”. Preprint. 2015. arXiv:1508.
05639 [math.CA].

T. Mei. “BMO is the intersection of two translates of dyadic BMO”. In: C. R. Math. Acad. Sci.
Paris 336.12 (2003), pp. 1003-1006. arXiv:math/0304417.

D. Mitrea, I. Mitrea, M. Mitrea, and S. Monniaux. Groupoid metrization theory. Applied
and Numerical Harmonic Analysis. With applications to analysis on quasi-metric spaces and
functional analysis. Birkhaduser/Springer, New York, 2013, pp. xii+479.

R. A. Macias and C. Segovia. “Lipschitz functions on spaces of homogeneous type”. In: Adv. in
Math. 33.3 (1979), pp. 257-270.

M. Mirek, E. M. Stein, and B. Trojan. “LP(Z%)-estimates for discrete operators of Radon type:
Variational estimates”. Preprint. 2015. arXiv:1512.07523 [math.CA].

T. Ma, J. L. Torrea, and Q. Xu. “Weighted variation inequalities for differential operators
and singular integrals”. In: J. Funct. Anal. 268.2 (2015), pp. 376-416. arXiv:1301 . 6859
[math.CA].

T. Ma, J. L. Torrea, and Q. Xu. “Weighted variation inequalities for differential operators and
singular integrals in higher dimensions”. Preprint. 2015. arXiv:1511.05129 [math.CA].

M. Paluszynski and K. Stempak. “On quasi-metric and metric spaces”. In: Proc. Amer. Math.
Soc. 137.12 (2009), pp. 4307-4312.

E. M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals.
Vol. 43. Princeton Mathematical Series. With the assistance of Timothy S. Murphy, Monographs
in Harmonic Analysis, III. Princeton, NJ: Princeton University Press, 1993, pp. xiv+695.

E. M. Stein and N. J. Weiss. “On the convergence of Poisson integrals”. In: Trans. Amer. Math.
Soc. 140 (1969), pp. 35-54.

T. Tao. “The weak-type (1, 1) of Llog L homogeneous convolution operator”. In: Indiana Univ.
Math. J. 48.4 (1999), pp. 1547-1584. arXiv:math/9903165.

P Zorin-Kranich. “Intrinsic square functions with arbitrary aperture”. Preprint. 2017. arXiv:1605.
02936 [math.CA].

16


http://dx.doi.org/10.1007/BF02776048
http://dx.doi.org/10.1007/BF02776048
http://dx.doi.org/10.1090/S0002-9947-08-04538-8
http://dx.doi.org/10.1090/S0002-9947-08-04538-8
http://arxiv.org/abs/1309.2336
http://arxiv.org/abs/1309.2336
http://dx.doi.org/10.1017/etds.2016.27
http://dx.doi.org/10.1017/etds.2016.27
http://arxiv.org/abs/1409.7120
http://arxiv.org/abs/1409.7120
http://arxiv.org/abs/1501.05818
http://arxiv.org/abs/1202.2824
http://nyjm.albany.edu:8000/j/2016/22_341.html
http://arxiv.org/abs/1512.07247
http://arxiv.org/abs/1705.07397
http://arxiv.org/abs/1508.05639
http://arxiv.org/abs/1508.05639
http://dx.doi.org/10.1016/S1631-073X(03)00234-6
http://arxiv.org/abs/math/0304417
http://dx.doi.org/10.1016/0001-8708(79)90012-4
http://arxiv.org/abs/1512.07523
http://dx.doi.org/10.1016/j.jfa.2014.10.008
http://dx.doi.org/10.1016/j.jfa.2014.10.008
http://arxiv.org/abs/1301.6859
http://arxiv.org/abs/1301.6859
http://arxiv.org/abs/1511.05129
http://dx.doi.org/10.1090/S0002-9939-09-10058-8
http://dx.doi.org/10.1512/iumj.1999.48.1784
http://arxiv.org/abs/math/9903165
http://arxiv.org/abs/1605.02936
http://arxiv.org/abs/1605.02936

	Introduction
	Notation and tools
	Spaces of homogeneous type
	Dyadic cubes
	Sparse collections and operators
	Bounded r-variation and jump counting

	Short variations
	A reverse Hölder inequality
	Strong type (2,2)
	Weak type (1,1)

	Averages
	Singular integrals
	Short variations
	Strong type (2,2)
	Weak type (1,1)


