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EASTON proved that the behavior of the exponential function 2% at regular cardinals « is independent of the axioms of set
theory except for some simple classical laws. The Singular Cardinals Hypothesis SCH implies that the Generalized Con-
tinuum Hypothesis GCH 2% = k™ holds at a singular cardinal x if GCH holds below x. GITIK and MITCHELL have determ-
ined the consistency strength of the negation of the Singular Cardinals Hypothesis in ZERMELO FRAENKEL set theory
with the axiom of choice AC in terms of large cardinals.

ARTHUR APTER and I pursue a program of determining such consistency strengths in ZERMELO FRAENKEL set theory
without AC. MoT1 GITIK and I showed that the following negation of the Singular Cardinals Hypothesis is relat-
ively consistent with ZERMELO FRAENKEL set theory: GCH holds below the first uncountable limit cardinal N, and there is
a surjection from its power set P(X,) onto some arbitrarily high cardinal \.

This leads to the conjecture that without the axiom of choice and without assuming large cardinal strength a - surjectively
modified - exponential function can take rather arbitrary values at all infinite cardinals.



CANTOR’s Continuum Hypothesis

Theorem 1. (GEORG CANTOR) The power set {x |z CN} of N is not denumerable.
Theorem 2. 2% >N, .

Conjecture 3. (CANTOR’s Continuum Hypothesis, CH) 2% =X, .

KURT GODEL proved the consistency of CH, assuming the consistency of the ZERMELO-
FRAENKEL axioms ZF, by constructing the model L of constructible sets.

Theorem 4. LECH.

PAuL COHEN proved the opposite relative consistency

Theorem 5. Any (countable) model V' of ZFC can be extended to a model V|G| of
ZFC 4+ 2% >N, .



COHEN introduced the method of forcing to adjoin a characteristic function F' to the
ground model V' satistying

1. F: A\ xw—2 for some A\ >Ny

2. Vi<j< A An.F(i,n)+£An.F(j,n); set A;=An.F(i,n)

Ait A;
w
A; A
F ®0 ol
A
2 J




The COHEN partial order is essentially
P={(pi)i<n)|3de[l,w)ID [N ((Vie D prd—=2)A(Vig D p;=0))}
partially ordered by reverse inclusion:

p=(Pi)i<\) < ¢=(¢i)i<)) (p is stronger than ¢q) iff Vi< p;Dg¢;

If G CP is a “generic path” through P then F'= UPEG .\ & X p; 1s as required.
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Fuzzifying the A;
Define the symmetric difference of two functions A, A" dom(A)=dom(A’) — 2 by
ANAY(E) =1 iff A(€) 4 AY€).
For A, A”: Xy — 2 define an equivalence relation ~ by
A~ AT ANA' eV

Let A={A'|A’~ A} be the ~-equivalence class of A and let

A= (A;]i < \) be the sequence of equivalence classes of the COHEN reals.



A symmetric submodel

The model

N =HOD"(vu{A}ul J 4)

1<

consists of all sets which, in V[G], are hereditarily definable from parameters in the trans-
itive closure of VU{A }.

Lemma 6. Every set X € N is definable in V|G] in the following form: there are an € -
formula o, x €V, n<w, and ig,...,15;—1 <\ such that

X ={ueV[G|VI[GElu,z, A, A;,.. A, )}

Lemma 7. N is a model of ZF , and there is a surjection f:P(Rg) — X in N defined by

f(z)_{ i, if 2€ Ay

0, else.



Approximating N

Lemma 8. (Approximation Lemma) Let X € N and X C Ord. Then there are iy, ...

11—1< A\ such that

X e V[AZ'O, ceey A’iz—J'

Proof. Let X ={u e Ord|V[G]E o(u,z, A, Ai, ..., Ai,_)}.
Define

X' = {ue€Ord | thereis p=(p;) € P such that
Pig & Aigs oy iy € Ay, and
plFo(i, &, 1, Ay, ... A )}

where T,AZ'O, LA
Then X' €VI[A,,..., A;_]. X CX'"is obvious.

i,_, are canonical names for A, A;,..., A;,_, resp.



X’ C X uses an automorphism argument to show: whenever p= (p;) and p’ = (pj) are con-
ditions with p;, C A;,, ..., pi,_, C A;,_, and p{ C A, ,...,p;, T A;_, then we cannot have

1—1

pl- gp(d,f,T,Aio, ...,Ail_l) and p’ll—ﬁgp(d,:ﬁ,T,Aio, ...,Ail_l).

Wlog, p, p’ have the shape:

p-

00... .. 111 10.0vee. 111
Since the names u, @, 7, A;, ..., A;,_, are invariant under 7, we cannot have p I- ¢ and
m(p)=p'IF . [



Lemma 9. If A > (2%) then there is no surjection P(Xg) — AT in N.

Proof. By the Approximation Lemma the ground model V' has A names for elements in
PN(Rg). A surjection P(Rg) — AT in N would yield a surjection A — (A™)Y in V[G]. But
cardinals are preserved between V| N and V[G]. []

Theorem 10. There is a model of ZF + —=AC with a surjection P(Xy) — X, and with no
surjection P(Ng) — N,11. Hence

0:=0(Xg): =sup { | there is a surjection P(Rg) — £} =N, 41



Hausdorfl’s Generalized Continuum Hypothesis

FELIX HAUSDORFF conjectured an extension of CH

Conjecture 11. (Generalized Continuum Hypothesis, GCH)

VO& 2Na: Na_|_1
Since GCH holds in GODEL’s model L,

Theorem 12. GCH is independent of ZFC.
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WILLIAM B. EASTON proved

Theorem 13. Let E:Ord — Ord be a sufficiently absolute function such that
— Fla)>«
— a<f—=E()<E(p)
—  Lim(E(a)) = cof(E(a)) >R,

Then there is a model V|G| such that

Va (R, is regular — 28 = Npg(,))
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The Singular Cardinals Hypothesis

is / implies the statement

(SCH) if & is a singular strong limit cardinal then 2" = g™

MoT1 GITIK and BILL MITCHELL showed

Theorem 14. The following two theories are equiconsistent:
—  ZFC+—-SCH

—  ZFC+ there are “many” measurable cardinals
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SCH without the Axiom of Choice

Theorem 15. The following theories are equiconsistent:
— ZF

— ZF + “GCH holds below X,” + “there is a surjection from P(R,) onto X,”, for
some fixed big ordinal o

This is a surjective failure of SCH, without requiring large cardinals. Injective failures pos-
sess high consistency strengths.
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The forcing

Fix a ground model V' of ZFC 4+ GCH and let A=\, be some cardinal in V.

The forcing Py= (P, 2, () adjoins one COHEN subset of N, for every n <w .

Py={p[3(n)n<w (Vn <w: 6, € [Ry, Ry 1) Ap: | [Rn,60) —>2)}.

n<w

The forcing (P, <p,0) is defined by
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P= {(p*, (CLZ', pi)i<)\) ‘ E|<5n)n<w 1D € [)\]<w (vn <w: 571 S [Nna Nn—l—l)a
P« U [Nna 571)2 — 2,

n<w

Vi €D p; U [Nnagn)_>2/\pi%@7
n<w

Vie D a; €[N, \ R|“AVn <w card(a; N[N, N, 1)) <1,
Vi¢ Da;=p;=0)}

- [] 0 0 [

X I;I 0 & 0

Ro ¢ca

" g -9 0 [

L e 0
- p pj
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P is partially ordered by

p/: <p>/1<7 (az(v pZ/)Z<)\) <P (p*v (aiv pi)i<)\) =p
iff
a) pi2 P, Vi< A(a; 2 aiAp;2 pi),

b) Vi <AVn <wVE € a;N[Ry, Ry 1)V € dom(pi\ pi) N [Rn, Ryy1) pi(¢) = pi(§)(C), and

C) V] S Supp(p) (CL; \CL]‘) M Ui€supp(p),i7éj az/': 0.

= I
I
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Lemma 16. P satisfies the N, o-chain condition.

Let G be V-generic for P.
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Define

Gy = {p«€ P |(ps (ai, pi)i<)) €EG}
A = G R Ryp)? =2

n<w

A(&) = {(¢, ALE, Q)€ €N, Ry yq)
A; = U {pin*v (ajvpj)j<)\)€

m é -l

[Nna Nn+1) — 2, for N, <E<N, 4

I
} [NQ, )%2

equal endsegments ﬁ‘
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Fuzzifying the A;
For functions A, A”: (X, \ Xy) — 2 define an equivalence relation ~ by
A~ At In<w((AAA) IR, 1 EVI[GIN(AAAT) TR, 11, N,) €V).

Let A={A/|A’~ A} be the ~-equivalence class of A.
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The symmetric submodel
Set
— T.=P(< k)" setting k =NV
— A=(A;j]i<\).
The final model is

N =HODV(V u{T, A uT.U| J A)

1<

consisting of all sets which, in V|G| are hereditarily definable from parameters in the
transitive closure of V U{T,, A }.
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Lemma 17. FEvery set X € N is definable in V|G] in the following form: there are an € -
formula o, x €V, n<w, and iy, ...,15;_1 <\ such that

X ={ueV[G||VI[GIEou,z, Ty, A, A, TRV, V2 A .. Ay )}

Lemma 18. N is a model of ZF, and there is a surjection f:P(k)— X in N defined by

f(z)_{ i, if 2 € A;;

0, else;
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Approximating N
Lemma 19. Let X € N and X COrd. Then there are n <w and 1g,...,1—1 < A such that
X eVI[A (N 1)% Ay ooy A3y
Proof. Let
X ={ueOrd|V[GIE p(u,z, T, A, A T (XY, 1), Ai, ..., Ai )},
By taking n sufficiently large, we may assume that
Vi<k<IVme&n,w)Voe Ny, Ny 1) A 110, Rp1) # A, 110, R p1).
For 5 <1 set

ai, = {&|Fm <n3d € Ry, Rypp1): Ay [0, Nip1) = Au(€) [0, Npi1)}

where A,(§) ={(¢, A«(&, O))I(€, ¢) € dom(A,)}.
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Define

X" = {ueOrd | thereis p=(ps, (a;, pi)i<r) € P such that
P T (Re1)? S AT (R0 )2,
Qjy 2 Aj)yeeny Ay, D g,
PiyC Aigs .oy D, © Ajp,, and

~

plEo(i,z,0,7, AT (R,41)% Aio,...,Ail_l)},

where 0,7, A, A, ..., A;,_, are canonical names for T,, A, A,, A, ..., A;_, resp.

Then X' € V[A, [ (R).1)% Ay, ..., Ay ] and X C X'

The converse direction, X’ C X, uses an automorphism argument to show: whenever p =
(pi) and p’=(pj) are conditions as in the definition of X’ then we cannot have

pl- gp(zi,:ﬁ,a,T,Aio, ...,Ail_l) and p’ll—ﬁgp(zl,:ﬁ,a,T,Aio, ...,Ail_l).
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Wrapping up

Lemma 20. Letn < w and ig, ..., 1j—1 < A . Then cardinals are absolute between V and

VIA*T (XY 1)2, Aigs ooy Ay
Lemma 21. Cardinals are absolute between N and V, and in particular k=X, =R

Proof. If not, then there is a function f € N which collapses a cardinal in V. By Lemma
19, f is an element of some model V[A, | (R).1)% A, ..., A;_] as above. But this contra-
dicts Lemma 20. []
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Lemma 22. GCH holds in N below X, .

Proof. If X CX, and X € N then X is an element of some model V[A, [ (V)2 A;,, .
A;_| as above. Since A;, ..., A;,_, do not adjoin new subsets of X, we have that

cey

X eVI[A T (X))

Hence P(RY) NN € V[A, | (R),1)%. GCH holds in V[A, | (R),1)%. Hence there is a bijec-
tion P(RY)NN <R in V[A, [ (R).)% and hence in N O
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Discussion and Remarks

To work with singular cardinals s of uncountable cofinality, various finiteness properties in
the construction have to be replaced by the property of being of cardinality < cof(x). This
yields choiceless violations of SILVER’s theorem.

Theorem 23. Let V be any ground model of ZFC + GCH and let A be some cardinal in

V. Then there is a model N DV of the theory ZF + “GCH holds below R,,” + “there is a
surjection from P(R,,) onto \”. Moreover, the aziom of dependent choices DC holds in N.
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Conjecture 24. Let E:Ord — Ord be a sufficiently absolute function such that
— Fla)za+2
- a<f—=E(0)<Ep)

Then there is a model V|G| in which for all o

O(R,): =sup {&| there is a surjection P(Ry) = &£ } =Ng(q).
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THANK YOU
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