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REGULARITY OF FRACTIONAL MAXIMAL FUNCTIONS
THROUGH FOURIER MULTIPLIERS

DAVID BELTRAN, JOAO PEDRO RAMOS AND OLLI SAARI

ABSTRACT. We prove endpoint bounds for derivatives of fractional maximal
functions with either smooth convolution kernel or lacunary set of radii in
dimensions n > 2. We also show that the spherical fractional maximal function
maps LP into a first order Sobolev space in dimensions n > 5.

1. INTRODUCTION

Define the fractional maximal function as

{63

t
e fdy
|B(@, )] JB ()

for & € [0,m). The study of its regularity properties was initiated in [22] by Kin-
nunen and Saksman. They proved the pointwise inequality

VM, |fl(2)] < CMa-1lfl(z), a>1 (1.1)

Mo f(x) = sup

t>0

with a constant C' only depending on the dimension n and «. This inequality has
two interesting consequences. First, M, maps LP(R™) into a first order Sobolev
space. Second, as noted by Carneiro and Madrid [g], the pointwise bound together
with the Gagliardo—Nirenberg—Sobolev inequality implies

VMo fllze < ClIMa—1fllze < Cllfllzn/e-n < CIV |z (1.2)

fora > 1and p=n/(n—a). When « € (0,1), inequality no longer helps, and
the conclusion of is an open problem. When M, is replaced by its non-centred
variant, the analogous result is due to Carneiro and Madrid [§] for n = 1 and Luiro
and Madrid [28] for f radial and n > 2. For other aspects of the regularity of
fractional maximal functions, see e.g. [I7, [I§] and the references therein.

Our first result is a smooth variant of the inequality for « € (0,1) and
n > 2. Define the lacunary fractional maximal function as

ak
1B(0,2%)| Jp(z,2v)

For integrable ¢ and t > 0, let ¢(x) = t"™p(x/t). Assume, for simplicity, that ¢
is a positive Schwartz function and define the smooth fractional maximal function

M f(z) := sup
kEZ

fdy
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as
M f(x) = supt®|p; * f(x)].
t>0

The smoothness requirement can be substantially relaxed, see §§3.3]

Theorem 1.1. Let f € BV(R") and suppose that oo € (0,1) and n > 2. Then for
M, € {M!ec M?}, there exists a constant C only depending on dimension n, a
and ¢ such that

IVMafllor@ny < ClflBvEmn
forp=n/(n—a).

The proof of this theorem uses the g-function technique familiar from Stein’s
spherical maximal function theorem. The idea is to follow the scheme behind the
short estimation . The Fourier transform is used to find a substitute for
at the level of Besov spaces, from which the conclusion then follows by a refined
Gagliardo—Nirenberg—Sobolev type embedding theorem [I0]. The last step requires
n > 1 whereas the smoothness condition on the maximal operator is imposed by
Fourier analysis. We stress that the right hand side of the conclusion is BV norm
instead of the considerably larger homogeneous Hardy—Sobolev norm one might
first expect. The detailed proof is given in and all necessary definitions can be
found in To the best of our knowledge, Fourier transform techniques have not
been exploited effectively in the study of endpoint regularity of maximal functions
prior to this work.

The background of the question goes back to Kinnunen’s theorem [20)], 21]
asserting that the Hardy Littlewood maximal function is bounded in W' with
p > 1. His result was later extended to W11 in the form

VM fllLr ey < ClV fll L@y (1.3)

by Tanaka [38] when n = 1 and Luiro [27] when n > 2 and f is radial. Here M
is the non-centred Hardy—-Littlewood maximal function. The same inequality for
My (centred maximal function) was established by Kurka [23] when n = 1, and the
question is open in dimensions n > 2. Kurka’s theorem can be seen as the limiting
case a = 0 of (L.2).

In connection to , maximal functions with smooth convolution kernels are
better understood than the Hardy—Littlewood maximal function. Inequality
can be proved with sharp constant for many smooth kernels [7, 9] whereas the best
constant for centred Hardy-Littlewood maximal function is not known (for the non-
centred maximal function [2] as well as for certain non-tangential maximal functions
[31] the constant is one). Similarly, a Hardy—Sobolev bound corresponding to
is known for smooth maximal functions in all dimensions [30] whereas the progress
for the standard maximal function is limited to the case of radial functions [27].
Finally, there are metric measure spaces where Kinnunen’s theorem does not hold
but suitable smoother maximal functions satisfy a Sobolev bound [I]. Theorem
can be seen as a part of this line of research attempting to understand and
first in the case of smooth maximal functions.

The second part of the paper studies the regularity of the spherical fractional
maximal function

Saf(x) := sup [t x f(z)], (1.4)
t>0

where o; is the normalized surface measure of the sphere dB(0,t). For a = 0,
one recovers the spherical maximal function of Stein [36] (n > 3) and Bourgain [3]
(n =2). For « > 0, LP — L7 bounds for this operator follow from the work of
Schlag [33] (n = 2) and Schlag and Sogge [34] (n > 3). It is natural to ask if the
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fractional spherical maximal function has regularizing properties similar to (1.1)).
Our result in this direction is the following.

Theorem 1.2. Letn>5,n/(n—2) <p<q< oo and

{7z2—2n—1 _ 2n Zf n_ - P < = n?4+1

n—1 p(n—1) n—22 2—2n—1
n_l if A <p<n-—1.

n?2—2n—1

a(p) =

Assume that

1 1 -1
o ) 1 <a<a(p).
qg p n

Then, for any f € LP, S, f is weakly differentiable and
IVSaflle < Ifllze-

The proof of this theorem is also based on the use of the Fourier transform. When
q > 2, we study LP — LY estimates for a maximal multiplier operator in analogy
with the estimates in [33, [34] 25] for the spherical maximal function. Since Theorem
[[:2]is a statement at the derivative level, the corresponding multiplier enjoys worse
Fourier decay than . This forces us to study the behavior in L? with large p more
carefully than what is needed to understand LP mapping properties of the spherical
maximal function. We take advantage of the sharp local smoothing estimate for
the wave equation in L™~ !(R"™), which is available whenever n > 5 thanks to recent
advances in decoupling theory (see [0 14} [15], 24], [39] and [3] 19} 26, 29, B85] for more
on decoupling and local smoothing estimates). We remark that results in n = 4
could be obtained upon further progress on local smoothing estimates.

Acknowledgements. We would like to thank Juha Kinnunen for his question
about regularising properties of the fractional spherical maximal function, which
led to this work. We also thank Jonathan Hickman for discussions on the spherical
maximal function and local smoothing estimates.

2. NOTATION AND PRELIMINARIES

2.1. Notation. All function spaces are defined over R", and it is written, for in-
stance, L? for L?(R™). The letter C' denotes a generic constant whose value may
vary from line to line. Its dependency on other parameters will be clear from the
context. The notation A < B is used if A < CB for such a constant C, and simi-
larly A 2 B and A ~ B. The Fourier transform of a tempered distribution f € &’
is denoted by f or F(f) and its inverse Fourier transform by F~(f) or fV; in
particular for a Schwartz function f € S,

~

flo) = 7@ = [ s da.
Given any multi-index v € N 97 denotes
Of =0y -on .

For any a € R, the notation (—A)®/2 is taken to denote the operator associated to
the Fourier multiplier |£|*.

2.2. Besov spaces and Littlewood—Paley pieces. Given a smooth function
1 € C° supported in {£ € R" : 271 < |£] < 2} and such that

Do =1

JEZ
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for € # 0, let f; denote the Littlewood-Paley piece of f at frequency 27, given by
fi = f(277¢). The Besov seminorm for B;’q for s € R and p,q € [1,00] is defined

as "
, q
1ls, = (D2 1A0%,)
JEZ
the seminorms defined through different Littlewood-Paley functions 1 are compa-
rable (see [4, Chapter 6] for further details).

2.3. BV space. A function f is said to have bounded variation, and denoted by
f € BV, if its variation, defined by

o =sun{ [ Fdivta) g€ CLR™R), gl < 1}

is finite, where g = (¢1,...,9n) and the L* norm is defined by
lglloo == 10> g2 e
i=1

Note that if f belongs to space W', integration by parts allows one to identify

flev = [ 1941
R’rb
See [I3, Chapter 5] for more.

2.4. Finite differences. Denote
Dt f(z) = L@ N = (@) T})ﬂ_ J(@),

Recall (see e.g [12, Chapter 5, §5.8, Theorem 3]) that if there is a finite constant A
such that

1" £l < A
for all h € R™, then the weak derivatives of f exist and
IV fllr < CA

for a constant C' only depending on the dimension n. If S is a sublinear operator
that commutes with translations, then

|ID"Sf| < |SD"f|.

In particular, if S is a maximal function and f is a positive function, this allows us to
reduce the question about differentiability to boundedness of a maximal multiplier
for all Schwartz functions f.

3. ENDPOINT RESULTS

3.1. A model result. It is instructive to start first with a model case for Theorem
This consists in the study of the single scale version of the (rough) fractional
maximal function M., defined as

1
_ d
B0 Sy @Y

M f = sup

1<t<2

Theorem 3.1. Let0 < a <1, p=n/(n—a) and n > 2. Then there is a constant
C only depending on dimension n > 1 and a such that for any f € B;EO‘

| MED" f|| e < Cllfll e

uniformly on h € R™.
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By the discussion in §§2.4] Theorem [3.1] implies an L? bound for the gradient of
M. Tt will be shown in §§3.2| how the proof of the above estimate gives Theorem
[I7] for sightly smoother versions of the fractional maximal function, such as its
lacunary version or maximal functions of convolution type with smooth kernels.

Proof. Write, for f € S,
M(D")(a) = sup [F7 () Toion () F(Th(~2) =2 )

where T}, is the operator defined by
ei&»h _ 1/\

Wﬂ(f) =:ap(§)g(§)- (3.1)

Observe that T}, is a bounded operator on LP uniformly in h € R™ for all 1 < p <
oo by the Mikhlin-Hérmander multiplier theorem (see, for instance [IT, Theorem
8.10]); it is clear that

107 an(€)] < g1 for all multi-indexes v € Ny

with implicit constant independent of A € R™. Thus, the operator T}, plays no role
in determining the range of boundedness for M D",

Let m(€) = |€]°Tp(0.1)(€) and my(€) := m(t€) for all t > 0. For each j € Z, let
fi = 1; * f denote the Littlewood-Paley piece of f around the frequency 2’ as in
§92.2] Assume momentarily that the following holds.

Thg(€) =

Proposition 3.2. Let g € S. Then forp=n/(n—a) and 0 < a < n/2,

| sup |F~ (mug))llle S (271 <0y + 1js01)llgjlle-
1<t<2

Then the proof may be concluded as follows. Decomposing the function f into
frequency localised pieces f; and applying Proposition [3.2] to the function g =
Ty, (—A)1=)/2 f one has

I sup |F (meg)lllze <Y | sup |F (megy)|leo
1<t<2 , 2
JEL
S Z(Qjal{jgo} + 1gisop) gl ze
JEL
j(1—a))| . ~ .
< PO f e~ [l g (32)
JEL
where the last step follows from the L? boundedness of T;, and Young’s convolution

inequality.

Remark 3.3. By Bernstein’s inequality, 2= f;|l» < 27| fjllz1, so one may
further bound [ fll 1o S /5 , in (2.

It remains to prove Proposition This is done by interpolating an L? bound
with an L' — L* bound as in the proof of the spherical maximal function theorem
that can be found in the textbooks, see [37, Chapter XI, §3.3] or [I6, Chapter 5.5].
Writing

FHmugy) = t°F " (1po,1) (t) (€1°55)),
it is clear that
sup |F~H(mig)| S sup [t g0 * (—A)*/?g)| < M((—=A)*g)
1<t<2 1<t<2
where M is the Hardy—Littlewood maximal function. Bounds on M and Young’s
convolution inequality then imply
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Proposition 3.4. Let g € S. Then

| sup [F~H(megy)lllpree < 27%gyllpr-
1<t<2

The L? estimate follows by estimating the Fourier decay of m after an application
of a Sobolev embedding. This is the part of the proof that allows to take advantage
of better symbols m later in §§3.3 so we write the proof in detail.

Proposition 3.5. Let g € S. Then

H13<LtlI<>2 |F " meg) |l e S (2791 <0y + 2j(_%+a)1{j>0})”gj”L2'

Proof. Let m(&) = £ - Vm(€) and denote by T, and Ty, the operators associated
to the multipliers m and m. By the fundamental theorem of calculus,

2 dt 1/2
D (T 5] < Ty +2 ( / |Tmtgj||Tmtgj|)
1
1/4

1<t< t
2 2
dt dt
< gl 2 ([ 0ot ) ([ maalf) - 69

1/4
Taking L?-norm in the above expression, an application of the Cauchy-Schwarz
inequality and Fubini’s theorem reduces the problem to compute the L norm of
map; and map;.
Recall that @) (&) = |2m&|~"/%J,,2(27|€]), where J,/» denotes the Bessel
function of order n/2, and

T2 (1) S0 cny + 17 sy
see, for instance, [16, Appendix B] for further details. This immediately yields
o i(—ntl o
Imapsllzee < 271 5<0y + 272 T sy (3.4)

Concerning m, the relation

d
% [rin/2‘]n/2 (T)] = 77‘7”/2Jn/2+1

and a similar analysis to the one carried above leads to

—1

sl o S 29 gi<0y + 2777 T 150y
Putting both estimates together in (3.3)) concludes the proof. O

Proposition [3.2| now follows by interpolation, and the proof of the model case is
complete. O

3.2. Extension to the full supremum. From now on, we redefine m to be
Fourier transform of an integrable function smoother than 1p(,1). Momentarily
assume m satisfies

||1S<1t122 [(megi) Y lllr S (27T <0y + 277 101195 |, (3.5)

which we next show to be enough to conclude a bound as in Theorem The
proof of (3.5) is postponed to §
Inequality (3.5]) rescales as

| sup [(meGjan) Y e S (271 <oy + 27715 0p) 194 Lo (3.6)
29—k <<o—k+1
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In order to use this bound, break the full supremum over all possible scales and use
the embedding /P C £°°,

NV ~\V NV |p 1/p
sup [(mig)*| =sup  sup |(m@)"| < (Y sup [(meg)')
t>0 kE€EZ 2-k<t<2-k+1 kez 2—k<g<2— Rt

Taking LP norm and using (3.6), we see
N . . 1/p
Jsup (@)l S 3@ 10y + 27910 (3 lapaal)
>0 jez kez

Using the geometric decay to sum in j € Z and recalling

lgj+nllee = 1(=A) =2 f llpe < 20TRA=D)| £l 1,

we obtain

1/p
(S lgssels) ™ S U spe

keZ

We then claim
1l e < |1y (3.7)

for n > 1 and 0 < a < n/2. This will follow from a Gagliardo-Nirenberg-Sobolev
type inequality.

Proposition 3.6 ([I0]). Assume v > 1 or v < 1 —1/n, and let (s,q) satisfy
(s=1)q'/n=~—1 for some 1 < q < oo, where 1/g+ 1/¢ = 1. Then, for any
0<d<1,

-6
175y, S 715" |y
where%zl%qe—i—ﬁ andt = (1—0)s+6.

Indeed, taking v =0, s =1 —n/2 and § = 1 — 2a/n, which are admissible for
n>1and 0 < a < n/2, one has

-0
£ 5350 S 1A ol B

Applying Bernstein’s and Minkowski’s inequalities as well as Littlewood—Paley the-
ory, we see

o 1/2 m) i md 1 1/2
Hf”Blf% N (Z2za(1 2)\|fj||2L2> < (2223(1 %) 92in( " Q)Hfjuiﬁ)
2

,2

JEL JEZ
1/2 1/2
= (D002 ) = H(DSAE) Hmy ~ IA s
JEZL JEZL

Inequality (3.7]) then follows from the Gagliardo—Nirenberg—Sobolev inequality [13]
Theorem 5.6.1. (i)], and we conclude

_ ~ —6
| sup |FHmug)|lle S N [F1Bv S | FlBY-
1<t<2

Thus it suffices to verify (3.5). This is done separately in the cases when m comes
from a smooth kernel and when the maximal function is lacunary.
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3.3. Smooth kernel. Define the smooth fractional maximal function as follows.
Let € > 0. Let ¢ be a positive function with radial L' majorant such that 3(&) <,
|€|~"/2=¢ whenever |¢| > 1 and. For instance, any positive Schwartz function or
even

pla) = (1 -
with € > 0 will do (see Appendix B.5 in [I6]). The subscript denotes the positive

part as fi = f-1;r50). Now we want to analyse Mg, as defined in the introduction.
A repetition of the proof of Proposition gives the L2 bound

I sup_ FHEN* @Iz S (L2 + L0y 2T EF)|gy e

The e-decay gain in the above estimate continues to hold on L™ (=% so the
extra decay assumption (3.5)) is satisfied for smooth convolution kernels. By §
Theorem [L1] holds in this case.

3.4. Lacunary set of radii. Similarly, there is a gain in the L? estimate when we
study the lacunary fractional maximal function. Now m(€) = [£|*1p(0,1)(§) and

CnMéaCf z) = sup Qka—nk/ f y dy < 2ka—nk/
() = sup)| o @1 (2]

1/p
f(y) dyI”)
k€EZ kEZ B(xz,2%)

so that it suffices to use a bound for a single dilate (3.4]) and replace the Proposition
(3-5) by
— ~ i i(—ntly o
IF=Hmgs)lllze S (271 oy + 275 oop)llgs ez,

which has an extra 1/2-decay compared to Proposition After interpolation, this
leads to an e-decay gain in the L™ ("~ estimate so that (3.5]) (without supremum)
and Theorem [I.1] for lacunary set of radii follow.

4. PROOF OF THEOREM

Recall the definition (L.4). By the characterisation through finite differences
described in §2, the sublinearity of S, and by density, it suffices to prove

1Sa D" fllza < IIf]lz»

for all Schwartz functions f uniformly in A € R™.
Observe that by means of Fourier transform,

SaD" f(z) = sup | F~ (t[€la (t6) F(Tn f)(2))] (4.1)

where T}, is the Fourier multiplier operator . As described in § Ty is
bounded on LP for all 1 < p < oo uniformly in h € R™ by the Mikhlin—-H6rmander
multiplier theorem, so it plays no role in determining the boundedness range for
SoD"; for this reason, T}, f is identified with f in the rest of this section.

4.1. The case ¢ > 2. It is enough to consider the single scale version of the
maximal function in (4.1)): suppose we can prove

| sup |[F7HEE[G(E€) fi)lllne S (27 <oy + 277 1gs0p) I fill e (4.2)
1<t<2
for s1,s9 > 0. Then rescaling gives

| sup  [FHEEEEE) Fow)llle S (275 1gicoy + 2772 1 o0y || fll oo

2—k§t22—k+1
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under the relation % = % — =1 and arguing as in §

— «@ ~ A IS —js 1/q
Isup |71 (4165 0 S 2 Loy + 277 Lgs0) (L Mfrellf)

JEZ keZ
S fllee

where the last inequality follows from Minkowski’s inequality (¢ > p); controlling
¢7 norm by ¢2 norm, and applying Littlewood—Paley theory to see the inner sum
as LP norm of f. The sum in j converges as s1,s2 > 0. Hence it suffices to prove

E2).
For low frequencies ;7 < 0, we can use domination by the Hardy-Littlewood
maximal function, Young’s convolution inequality and Bernstein’s inequality to see

||1S<1£2|f_1(ta|€|3(tf)fj)|HLq SIM (=22 fillLe S 24+ £ Lo
Hence it suffices to prove (4.2)) for j > 0.

4.2. A local smoothing estimate. The Fourier transform of the spherical mea-
sure is

5(€) = 2nle[ T Jucz (2nf¢)) = D ap ()2,
+

where the symbols a4 are in the class S~("~1/2_ that is

n—1
0Fas(©)] S (1+1g)~"= 1
for all multi-indices v € Njj (c.f. [37, Chapter VIII]). Hence

FUewONH =Y [ emertiia i o),
— Jrr
so that the connection to half-wave propagator eV =2 f(z) := [5., e Eettlel F(¢)de

is evident. We will quote the following result:

Proposition 4.1 (Consequence of [6]). Forn > 2, s € R,

2 VTR 1/p
(f0e=5s ) S Wz
1 s—sp+6

holds for 0 < 6 < % and s, = (n — 1)(% — %) whenever p > %

This can be found as Corollary 1.3 (i) in [14] knowing that the conjectured value
of pg in Table 1 of that paper has later been verified by [6].

Proposition 4.2. Let g be a Schwartz function and j > 0. For any € > 0

| sup |ov* gjlllLe—r Se 27V llg;llLnr.
1<t<2
Proof. For j > 0 and a smooth bump x around [1, 2], we have
I sup |oy* gjllln-1 S N1 +1/=07)"x - 0t * gj || Ln1 mnt1)
1<t<2

S 2+ =054 g | s o

where we used Sobolev embedding with r > 1/(n—1), Propositionwith p=n—1
as well as Young’s convolution inequality. Simplifying the exponent in accordance
with Proposition EL we obtain the claim. O

IThe full strength of [6] is only needed when n = 5. When n > 6, the earlier results from [24]
will already do.
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4.3. LP — L7 estimates. To finish the proof of (4.2), we prove LP — L% esti-
mates following the interpolation scheme of Lee [25] enhanced with the sharp local
smoothing estimate. Denote

Sjf(@)i= sup |F7H @) IELF5() (@),

1

where ]?J = fwj still stands for Fourier localization at the level of a Littlewood—
Paley piece of frequency 27.

Proposition 4.3. Let P be the open convex polygon with vertices

A— (n—2 2>7 B (n2_2n—1 2(71—1))

n 'n n2+1 ' n241

= () 2= ()

1S5 fllze < 2711 £l

for some € > 0 and all j > 0 provided that (1/p,1/q) € P.

Then

Proof. Since suppa - 1, (t€) C {|¢| ~ 27}, we can assume that £ is supported in an
annulus around |£] = 27. We use the following bounds:
1S5 fllee < 22701 £l e
155 fllz < 2% £ 2
195 fllpn-1 <6 29°||fllzn-r, forall 6> 0 (4.3)
« _n=4
157 flle> S 27 = 71l

‘n2 _4an—3

1S54 s S 27755 | o,

To verify (4.3]), use Proposition as well as Young’s convolution inequality to
obtain

1S5 Flin- S 270N (=2) 2 fll s S 2721 f [ nr

The other inequalities follow similarly, that is, by borrowing the corresponding
bounds for the spherical maximal function (inequalities (1.7)—(1.10) in [25]), and
applying Young’s convolution inequality. Interpolating the bounds above, we obtain
the claimed proposition. O

For each p > 1, we want to find the values of « such that (1/p,1/q) € P when
(a—=1)/n=1/p—1/q and g > 2. When ¢ > 2 is assumed, this happens when

e n?+1 <n2—2n—1 2n
o, _
n—2 P2 o1 n—1 p(n—1)
or
2
n°+1 n—1
—_ <n-1 < .
n2—2n—1<p_n r @ P

This concludes the proof for the case ¢ > 2. Notice that the restriction ¢ > 2 is not
dictated by validity of LP — L9 estimates but it was required in order to upgrade
the single scale bounds to bounds for the full maximal operator in §§4.1]
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4.4. The case g < 2. Next we remove the assumption ¢ > 2. Let
T*ftﬂ==iggLF_lﬂﬂﬁDaaﬁflf@)Xx)L

The operator S, in (4.1)) can be written
Sa = T*Ia—lThf

where Ij_l\f = |§|1_af is the Riesz potential of order @ — 1 and T}, are as in
(3-1). As discussed in §§3.1] 7}, are bounded in L? for all p > 1. Also, by the
Hardy-Littlewood—Sobolev inequality I,_; is bounded LP — L9, for p,q obeying
O‘T_l = % — L. Therefore, it is enough to analyse the operator T*.

Let m(¢) = [£]*0(€) and take a Littlewood-Paley function ¢ (as in §2). We
define my =3, ¢ym and mo = ;. ¥;m. Take T to be as T but m replaced
by m;. Then

Tf < T+ T7 S,
We first bound 7j. A straightforward computation shows that mg is bounded and
for any multi-index 8 € N” with |8| =k, k <n+1

[0gmo(©)] < 1€]°7"
so that
1L+ )" F(mo) |- S 1
(because o > 1). Consequently
Tof SMf
and boundedness in any LP with p > 1 follows from that of the Hardy—Littlewood
maximal function.
To bound T5, we use a part of Theorem B from [32]:

Theorem 4.4 (Rubio de Francia [32]). Let m be a function in C**1(R™) for some
integer s > n/2 such that |[D*m(&)| < €79, for all |a| < s+ 1. Suppose also
that a > 5. Then the mazimal multiplier operator T* f := sup, |]-'_1(m(t~)f)| is
bounded in L", for

2n cr<9
— <7 .
n+2a—1 -

Since ;. 1;m is smooth and satisfies [D*m(£)| < [€]7¢, for all [a] < s+1

with a = ”T_l — «, we can apply the theorem to conclude the proof whenever
——EZ—*<q<Z o>
2n — 2 - 2« - 2

which is equivalent to p > —"5 and a < "7_2 < a(p). However, given p > "5 the

condition a < ”T_Q is automatically satisfied whenever ¢ < 2. Hence a < «a(p) is an
active constraint only when ¢ > 2.
O
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