LOW-DIMENSIONAL MAXIMAL RESTRICTION PRINCIPLES FOR
THE FOURIER TRANSFORM

JOAO P. G. RAMOS

ABSTRACT. Following the ideas in [J], we prove abstract maximal results for the Fourier
transform. Our results deal mainly with maximal operators of convolution-type and
r—average maximal functions. As a by-product of our techniques we obtain spherical
maximal restriction estimates, as well as restriction estimates for 2—average maximal
functions, answering thus points left open by V. Kova¢ [6] and Miiller, Ricci and Wright

8.

1. INTRODUCTION

The classical restriction problem for the Fourier transforms asks for the largest possible
range of exponents 1 < p,q < +o0o so that an inequality of the form

(1) 1£15l129(s) < Cpaa.slflloqesy

holds for any function f € S(R?). Here, S is taken to be a subset of R?, endowed with a
suitable measure.

The existence of such a priori inequalities allows one to define restrictions of Fourier
transforms of LP functions to smaller sets in the L?—sense. Recently, effort has been put
into extending this definition to a pointwise sense: one has to look instead at

-~

[IM()lLas) < CpgdslfllLemays

where M is a suitable maximal operator. In [§], the authors prove, for the first time,
such a statement about restriction to curves. Their techniques adapt the ones in [2] to
the maximal context. The works of Vitturi [13], Kova¢ and Oliveira e Silva [7] and Ramos
[9] have subsequently dealt with this problem, extending the maximal restriction property
to higher dimensions, considering variational versions of it and sharpening the results in [§].

More recently, Kovaé [6] proved a general, abstract principle for such pointwise state-
ments to hold. One of his results is that, whenever restriction estimates like hold
with p < ¢, and whenever y : B(R?) — C is a complex measure such that |[V(¢)| <
D(1+ [£])~", for some 1 > 0, then

(2) I sup If * pe(@)zacsy < Cpgsm - DIl oo ray-

Here, 114(E) := p(t~'E). Note that du = xp(o,1)(z)dz satisfies the Fourier decay condition
above in any dimension, which generalizes the results of Vitturi [I3], Miiller, Ricci, Wright
[8] and Kova¢ and Oliveira e Silva [7].
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The purpose of this note is to employ the techniques in [9] to extend inequality in
low-dimensional cases not covered by Kovaé¢’s techniques. Additionally, we simplify the
techniques in [9] in order to extend a result from [§].

1.1. Two-dimensional results. In , the main requirement on the measure p that
IVE(E)] Spp (L4 |€)7177, for some n > 0, is only satisfied by the spherical measure
dp = doga—1 if d > 4. Therefore, Kovac’s result does not yield bounds for restrictions of
spherical maximal functions of the Fourier transform. This was our motivation for the
first result of this paper.

Theorem 1. Let i1 be a positive, finite Borel measure defined in R?, and suppose that the
mazximal function

Myg(x) = sup |g| = ().
t>0
is bounded from L"(R?) — L"(R?), whenever r > 2. Then the following bound holds:

~

[ Mu(f)llLasty < Cppllfllze @2y,
where 1 < p < 3,p' > 3q.

In Proposition || at the end of this note, we prove that Kova¢’s [6] assumptions on the
measure imply ours. The spherical maximal function in dimensions 2,3 is an example that
shows, as elaborated in Section that Theorems [1] and [3] are strictly stronger.

On the other hand, in [8], the authors, in the very end of their manuscript, make use
of the maximal function
My(h) == M(|h[*)"?,
where M f(x) = sup,~q fB(%T) | f| denotes the usual Hardy-Littlewood maximal function,
to prove results about Lebesgue points of the Fourier transform on curves in the range 1 <
p < %. In [9], this author circumvents this problem by considering a suitable linearisation
instead of working with Ms. Our next result combines the two approaches:

Theorem 2. Let 1 < r < 2. Define the mazimal functions M,h(z) = (M(|h|")(x))"/".
The following bound holds:

~

M (f)llLasty < Cprll fll Lo (w2
where 1 < p < %,p’ > 3q.

The main feature in the proofs of these Theorems is the linearization method employed
in [9] together with Lemmata |l|and [2| These, on the other hand, can be faced as provid-
ing a way to bypass the interpolation scheme employed in [9, Lemmata 1 and 2]. Also,
note that, in the case where one takes du = dog1 to be the arc-length measure in the
circle, the interpolation idea fails due to the lack of L?(R?) bounds for maximal functions,
whereas working directly with the aid of the Hausdorff—Young inequality provides us with
the result, as long as the measure we consider satisfies the above stated conditions. By
the celebrated result of Bourgain [1], this is ezactly the case for the spherical maximal
function in dimension 2.

In Section we present two different kinds of counterexamples, in order to impose
restrictions on r so that Theorem [2| can hold. Both the examples yield the same r < 4
bound, whereas Theorem [2| only works in the » < 2 case. One is led to pose the following
question:

Question 1. Can the two-dimensional full range of mazimal restriction inequalities hold
for Mg, 2 < s <47
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1.2. Three-dimensional results. In dimension 3, our main theorems deal with the
Tomas-Stein exponent case, in both the context of measures as well as in the context
of M,—maximal functions:

Theorem 3. Let Let ji be a positive, finite Borel measure defined in R, and suppose that
the maximal function

M, g(z) := sup|g| * ps(z).
t>0

is bounded from L*(R3) — L?(R3). Then the following bound holds:

~

HMM(JC)HB(S?) < Cp,u”fHLP(R?y
4
where 1 < p < 3

Theorem 4. Let 1 <r < 2. Then the following bound holds:

~

M ()l z2s2) < Cprl

where 1 < p < %. Aditionally, the quadratic mazimal function Ms satisfies that

fllze @2y,

~

[ Ma2(f)llL2(s2) < Cprll fllLrr2)s

whenever 1 < p < %.

We prove these results in Section [3| by merging the ideas in Theorems [1| and [2| with
Vitturi’s method. As a by-product, the counterexamples built in Section provide us
with the restriction that s < 2 in order for Theorem [4] to hold. In particular, a further use
of one of these counterexamples in higher dimensions gives us as a direct corollary that the
only dimensions in which a full-range restriction result for the strong maximal function

Msf(z) = sup ][ |f]
R axis parallel,J R
centered at x

of the Fourier transform could hold are d = 2,3. We talk about this property in more
detail in Proposition [

1.3. Notation. In what follows, we shall denote A < B to mean that A < C'- B, for some
universal constant C > 0. If we let C' depend on a parameter a, we write A <, B. This
notation might be suppressed in case the specific dependence on « is not important for our
purposes. We also normalize the Fourier transform as F f(§) = ]?(5 ) = Jpa € 2L f () da.

Finally, we often write JCB g .= ﬁ fB g.

Acknowledgements. The author would like to thank Felipe Gongalves for helpful dis-
cussions which led to the proof of Theorem [I] and to a great deal of inspiration for the
other results in this manuscript. The author also acknowledges finantial support by the
Deutscher Akademischer Austauschdient (DAAD).

2. PROOF OF THEOREMS [1] AND [2]

2.1. Proof of Theorem The basic outline of the proof is essentially the same as in
the proof of [9, Theorem 1]. After using the Kolmogorov—Saliverstov linearization method
(2)
(2)]

)

and letting g(z) = , it suffices to prove bounds for

=)

~

My g1y f(x) = - flx —y)g(x —y)dpya (y)-
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Here, we actually regard M, ;) as an operator with a fized g, prove bounds for it and
then substitute the chosen g above. An application of Plancherel’s Theorem implies that

Mygi)f (@) = [ FOST <A ()de,

where dA;(y) := g(z — y) dpy(z)(y). A dualization argument then implies that Theorem
is equivalent to proving

My g1 MM&) = /S h{w)e” 2T A (€)dog (w)

to be bounded from L7 (S') — LP' (R2?). Just like in the proof of [9, Lemma 2], we write

* x 1/2 . .
HM#,g’t(,)th, = H(M#’g’t(,)h)QHp,//Q. Expanding the square gives

(Mg WO = [ hw) ') 2 ()T (€) dos () dor ().
X

We perform two changes of variable: first, we parametrise the circle by z(r) = (cos(27r), sin(27r)).

After that, we take a pair of points (¢, s),t > s, into the point = := z(t) + z(s). This map

is easily seen to be a bijection from

A :={(t,s) €[0,1)%t > s} to By(0) C R

After a calculation, we rewrite our operator as

(M) g4y (6) =2 o H(z)e > € B, (¢) du,
where
(3) Bo(€) = AL (©)Asiy) (6),

H(z) = h(z(s))h(=(t)) _  h(z(s))h(=(t))
| det(2/(s), 2/(t))|  4m2|sin(2n(s —t))]
Notice that the factor 2 multiplying the integral comes from needing to consider twice
the contribution from the upper triangle. The representation for our squared oerator then
leads us to our main Lemma, which can be regarded as a generalisation of [9, Lemma 2]:

Lemma 1. Let, for every x € R?, B, = Pty (z) * * * Hey(x) e the convolution product of
dilates [y, (z), - Bty (2) Of @ finite Borel measure such that

(4) | My|lr—r < 400, Vr > 2.

Assume, in addition, that the map x +— By is in L= (M (R?)), where M(R?) denotes the
space of finite Borel measures on R?. If

TI©) = | Bo(@e ¢ f(a) da,
then T maps LP(R?) to L¥ (R?) boundedly for 1 < p < 2.

Proof. We write, for an arbitrary function g € L!'(R?) N L?(R?),

Tt.9) = [ 966 [ | Bty o) dad

By Fubini and Plancherel, this equals, in turn,

f(2)g * Bp(x)dz.
R2
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By the definition of B,, property and the Hausdorff-Young inequality, we bound the
absolute value of the integral above by

/R2 F@)IIM@)(@) dz < | FIpIIME @)y < (C)F 1G] < (C)* 1 llpllglp-

This proves the asserted bound for 7. ]

Notice that the function B, in (3) satisfies the hypotheses of Lemma Notice also
that p'/2 > 2. After applying the Lemma above we are left with

21/2 < 1/2
1M, ey S S N G20 0y

To conclude the proof, we revert from H back to a product to estimate the right-hand-side
for 1 < (p'/2) =n<2:

/ )" do —/ W(2(0)h(2(s)|7 - (4n2] sin(2r(s — 1))])'—" dtds
B2(0)
< GolllfIM22 = Coll£17%2, = Coll Fll 3y
3—n 3—n
(5)

Here, the last inequality follows from the Hardy—-Littlewood—Sobolev inequality for frac-
tional integrals. Indeed, we can bound

2
4n?sinn(s = 1) TS D [t —s— ',
j=—2
and then notice that each summand on the right hand side leads to a translated fractional
integral. The result follows then for the range 1 < p < %, p’ > 3q by interpolating
this bound with the L'(R?) — L>°(S!) bound, which follows directly from the Riemann-
Lebesgue Lemma and finiteness of the measure p. [J

2.2. Proof of Theorem In the same spirit as above, proving Theorem [2] is equivalent
to proving bounds for

My @) = [ Flo = 0)au(a = v (),

where we will take, in the aftermath,

F@)f(2)r2 _
‘Bt(x)( )‘I/T L HfHLT (Bi(z) ()

9u(2) =

~ 1/r
With the above choice, the integral defining M, ;) equals (th( ) |f(z — y)|rdy)

We denote a L!—normalized dilation of characteristic function of the unit ball as y,(z) :=
(1/a?) - x(z/a). We then write the adjoint as

M:,g,t(-)h(f) = /Sl h(a))e_%iwf.:l;(f)day (w),

with Az (y) = 92(z — ¥)X4(@) (y). As before, we calculate (M;fgt(_))2 and change variables.
This yields that it suffices to bound

(6) (Mg ) (€) =2 | o H(x)e ™o B, (€) da = T,H(E),
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where, again,

GG h)hE)
H@) = et (5), 7 (0]~ 2] sim(2n(s — )]

and

(7) B.(€) == A (6) Az (5) (6).

Of course, z(s) + z(t) = x. The next Lemma is the main tool for bounding (@]), in order
to employ the previous techniques:

Lemma 2. Let u € S(R?). Suppose that we are given a measurable function A : R? —
L (R?) so that supege | Byl || Azl v < 400 and support(A;) C By for some ball B,
centered at the origin. If we define B, as in equation , then it holds that

ux B,(0) < C - M.(M,u)(0),Y0 € R?,
where C' is independent of x € Ba(0).
Proof. We denote first 7y (), m2(x) € S! the points such that 71 (z) +ma(x) = 2. The above
convolution is
u * Am(x) * sz(w)(g)'

It suffices to prove that u x A, (;)(n) < C - M,u(n), as the same argument holds for the
convolution with A, ). For that purpose, we write

z€R2

ux A (o) (1) = /B u(n — 8) Az ()(s)ds < (sup [|Al L) llu(n — )l B,

SIBel ™V uln =l (3,) < Mruln),

where we have used Holder’s inequality and the properties of A. d

With Lemma [2] we are set to employ the techniques of the proof of Lemma In
fact, we let G € L'(R?) N L?(R?), and take B, as defined in equation with A, (y) =
9x(T — Y)X¢()(y)- It takes only a direct computation — essentially due to the dualization
nature of our choice — to check that this A satisfies the hypotheses of Lemmal[2] Therefore,
we estimate the pairing:

(T,H,G) =/ G(E)( 0 H(z)e 2B, (¢) dw) dg

[ H@) GrBua)de < / H(2)| - My (M, ) (w)da
B> (0) B>(0)

< 1| 2o (B0 1M (M: G) |y < (Co NGl I H || 2o (84(0)) < CrpllGllpll H o (820

We have, similarly as before, used Fubini and Plancherel Theorems together with Lemma
in the second line, and Holder’s inequality in combination with boundedness of M, in
L¥ (as p’ > 2> r) and the Hausdorff-Young inequality.

We conclude, by density, that || T, H|, < Cppl|/H|lp, 1 < p < 2. We then resume from
the calculation in (5], and our previous considerations allow us to finish, once one notices
that the L'(R?) — L°°(S') boundedness in this case is also a direct consequence of the
Riemann-Lebesgue lemma. [J
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3. PROOF OF THEOREMS [3] AND []

3.1. Proof of Theorem [3| The strategy here is a modification of the scheme of proof in
[13]. There, one uses an integral representation for the convolution of Fourier transforms.
Here, as we are working with measures and not functions, such a representation only be-
comes available to some measures through delta calculus. We bypass this difficulty by an
argument similar to the one in the proofs of Theorems [I] and [2}

Explicitly, we start by linearizing our operator through

Mugsrnf@) = | 1€ ¢5,(¢) do(a),

)

(z
(2)

—

afterwards.

where dSz(y) = g(z — y) dpty(z)(¥); [|9llcc < 1. Again, we will take g(z) =

=)

The desired inequality translates again into proving that
My gi)flloamsy S 11fll2(s2)-

We write the L*—norm above as ||(/\/l“7g7t(,)f)2H;/2, and evaluate the L?—norm by duality:
for any h € L?(R?), ||h||2 < 1, we have

<(M,u,g,t(-)f)27 h> =

= /R3 ( o f(xl)f(x2)6—27”'(9614-:52)'5?;(5)5,;(5) dU(ZL‘1)dO‘($2)) h(g) d¢

= /S2><82 f (1) f(z2) (/Rs h(€)e 2milata)€g = ()G (¢ dg) do(z1)do(x2),
(8)

where we used Fubini’s theorem to exchange integrals. Another application of Fubini’s
theorem in the innermost integral gives us that

/R3 i, g(@1 —y1)g(@a — y2) (21 + 2) — (y1 + ¥2)) Apteger) V1) dbty(a) (42) =
X

_ /R (e IS (), (€) de.

It is relatively simple to bound this integral: the integrand is pointwise bounded by

/R3X]R3 m((ﬂm +x2) — (y1 +¥2))] d,UJt(:vl)(yl) d#t(m)(yz) < Mu(Mu)(ﬁ)(xz + 1),

where we used the definition of our maximal function associate to p. Thus, the integral
we wish to estimate is bounded by

/sz | (@)1 f ()| Mu(My) (B) (2 + 21) do(@1) do(x2).

By the Tomas-Stein theorem in dimension 3, as stated in [I3, Equation 2.3], the quantity
above is bounded by a constant times

112252y M2 (B 2y < (G213 sy

Along with the previous considerations, it is exactly what we wanted to prove. [
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3.2. Proof of Theorem The general idea here is similar to the proofs above, so we
move somewhat faster through it. In fact, we consider the maximal operator My first.
Like before, we define the linearization of this operator as

Magir1(@) = | | Fla = 0)gale = b ),

where, in the end, g, is to be taken as

_ f(2) .
’Bt(a:) (0)|_1/2 ’ HfHLQ(Bt(x)(x))

Like in the cases before, we fix g, with certain properties and then substitute the above
to get our results. The formal adjoint of this operator is given by

SaiMO) = [ h@)e 2 () doss @)

with S:(y) = (7 — y¥)Xu(x)(y)- This leads us to estimate, as before, the inner product
(M0
estimate the function

h)?, F). The calculation is entirely analogous to the one in , and we are led to

[ e e S5 0 .

An application of Fubini’s theorem, along with the calculations from the proofs of The-
orems [2| and [3] yield pointwise bounds for this integral by the iterated maximal function
Mo (M(F))(wi + wsz). This summarizes as

O HOB PP S [ )b Ma(Ma(F)) e +w2) do(in) o).
X
In order to finish, we need to apply the following Lemma:

Lemma 3. Let 2 < p < oco. There is a constant C = C(p) such that, for all v € L*(S?)
and W € LP(R3), it holds that

/ (1) 0(ws)W (w1 + ws) dor(wy ) dor(ws)
S2 xS?

< CllvllZaee) W lzr(es).
Proof. We define the operator

TU1W(w1) = /S2 vl(wg)W(wl + WQ) dO’((,UQ)

and note it satisfies the two following estimates:
e For p = oo, the estimate [T, Wl12(s2) S llv1ll2(s2)|[Wleo follows by duality and
triangle and Holder’s inequality.
e For p = 2, the estimate || T, W{|r2(s2y < |lv1llp2(s2)[W |2 follows from the Tomas-
Stein restriction theorem (see, e.g., [12} B]), as stated in [I3]. In fact, for any two
v1, V2, we have

[(v1do) * (vado)[2 = [[(v1do)(v1do)|l2 < [[(v1do)llal|(v2do)l|a S [Jv1llr2(s2)llvallL2(s2)-
The asserted inequality follows then by duality.

The considerations above show that T, satisfies L>°(R3) — L?(S?) and L?(R3) — L%(S?)
estimates. By interpolation, it must also satisfy LP(R3) — L2(S?) estimates, with norm
at most $ [[v1]|z2(s2)- By duality, this assertion is equivalent to

/S2 . v1(w1)v2(w2) W (w1 + we) do(wr) do(w2)| < Clloi|lp2s2)llvall 22y Wl e (ms)-
X
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By setting v; = v9 one obtains the Lemma. O

To finish the proof, we apply Lemma |3[in @ with n > 2. Using that Ms is bounded in
L" and the Hausdorff-Young inequality gives

(M g oy h) F)] S 2y 1 Flly < (Bl 1 F Ly

It is straightforward to check that this last inequality is equivalent to Mj g t(.)h being
bounded from L? to L?7. As n > 2 was arbitrary, we finish this part of the proof.

In order to deal with 1 < r < 2, we use the pointwise domination M, f < Msf, 1 <r < 2.
Thus the only missing point in the proof above is the endpoint (%, 2). A combination of the
proofs of Theorems [2| and |3| gives us estimates in the endpoint case, in the same spirit as
above. This time, the application of Lemma [3| might be circumvented, as M, is bounded
in L?. We skip the details. O

4. COMMENTS, GENERALIZATIONS AND REMARKS

4.1. Maximal operators of convolution-type and multiplier theorems. Theorems
and |2| deal with maximal functions related to a measure du. There, the key assumption
is that these maximal functions must be bounded “near” L?. As mentioned before, V.
Kova¢’s result [6] has a seemingly different assumption on the measure. For his purposes,
it is important that the measure is finite — implied by the fact that the measure is complex
— and that the gradient of its Fourier transform satisfies a decay of the type

V)| < C(1+[¢)~ 1", for some n > 0.

The next proposition shows that Kova¢’s hypotheses actually imply ours. We mention that
this result is far from new, with s similar version appearing in [I1]. For the convenience
of the reader, we quickly review the results from [10]:

Proposition 1. Let T* f(x) = sup;s |]-'_1(m(t-)f)\. Suppose that

m@] S (L+1ED) ™7 IVm()] S (1 + €D~

with a +b > 1. Then T* : L*(R™) — L?(R™) boundedly.
Proof. Letting ¢y : R — R be a (radial) smooth function supported in the annulus
{y: 1/2 <|y| <2} so that

D wo(2€) =1, V€ #0,

JEZ
we define m;(€) := m(&)yo(27€). By letting T} denote the maximal multiplier operator
associated to each of these multipliers, we have

Tf<Tif+) T
<0
Here, we let } .. m;(§) = ¢o(§) and define the operator T to be the maximal multiplier
operator associated to ¢g. As ¢g is a smooth function with compact support, this operator

is pointwise bounded by a maximal function. We then move on to estimate each factor
T} f individually: we bound the supremum by

sup [~ (m (¢:) ) (@) < ( /OOO 32/ (@) Tt (@) it) |

t>0



10 JOAO P. G. RAMOS

—
o~ ~ ~

where Ty, () = mj(t€) F(€), Tjuf(€) = 1 (t€) F(€), with 1 (€) = €-Vmy(£). We estimate

then
mg= ([ [ meorera) " ([T [ meoforad).

The integrals above exist only for 27¢|¢| € [1/2,2]. Therefore, using the decay properties
of m,m, we get that

* b— b—
177 £113 S 27270 1|5 = 270D 713,

As we supposed that a + b > 1, the series above is summable in j < 0, which completes
the proof. O

Theorem [1] not only recovers a version of the two-dimensional results from Kovaé, but
also allows us to extend them, as mentioned before, to a larger class of maximal functions.
For instance, Bourgain’s circular maximal function fulfills the conditions to Theorem
whereas the gradient

V&g (€)] ~ €[~/

for non-trivial sets in two dimensions, so that Kovaé’s result does not apply. Also, the
spherical maximal function in dimension three satisfies that

[Vagz(n)] ~ [n]~"

on a non-trivial set, but, as |dg2(n)| = O(|n|~1), it is still possible to use Proposition [1| to
conclude the L?—boundedness of this operator, which is all we need to conclude.

4.2. The spherical maximal functions and previous maximal restriction results.
In [9], this author proves a full range 2-dimensional maximal restriction estimate for the
strong maximal function. Namely, the main theorem there is that

[Ms(f)llasty Sp 1 lorw2),
with Msg(x) = SUPR axis parallel, fR lg|. One might ask is whether Theorem (1| implies the

centered atzx
result above through a pointwise domination, as the spherical maximal function dominates

the usual Hardy-Littlewood maximal functlon. Our next result shows that the answer is
no in all dimensions larger than 1.

Proposition 2. Let d > 2. Then there exists f € Np>1LP(RY) such that

ess sup dm = +00

veR Mga1 f(x) ’
Proof. Let first d > 3. In these cases, the counterexample is much simpler. In fact, we
take f = xq(o 1) the characteristic of the unit cube. It is a simple calculation to verify

that Ms/(z) 2 14
that Mga—1 f(x) S E ‘d r, |z > 1. Asd—1> 1, f is a sought-after counterexample.

Whenever |z| > 1. Also, one obtains in a fairly straightforward manner

In dimension d = 2 matters are subtler. Let gn(z1,22) = X[0,1](%1)X][0,1/n20)(z2). We
take a sequence (y,,7,) € R? x R such that
o rpy1 = 10"y, r1 =1;
o Ypi1=(r1+2(ra+---+7mn) + rnt1,0).
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We then set up the function f(z) =Y 07 gn(x — y,). This function is clearly in any L?
space. We then estimate the strong and spherical maximal functions for z in a strip near

Yn-

Effectively, let € S, := y,, + [~10",10"] x [0,1/n?"]. Similarly as in the high dimen-
sional case, Msf(z) 2 m Now we split the spherical maximal function into two parts
as
(10) MSlf = maX{MS12Tnf, MS1,<7’nf}'

Here, Mg ~,g stands for the maximal function obtained by only taking radii larger than ¢,
and define analogously Mg ., f. By the properties of the radii 7, and the way we defined

Yn, 1
Mg >, f(z) S —.
TTL

Also, for the local part we obtain
1
M, ) S ————.
Sl,<rnf( ) ~ n10|x — yn’
Substituting these inequalities in the quotient, using , we get

7M$f(w) > min {nlo _ T }
Mg f(x) ~ ERET
n(n—1)

Notice that 7, =10~ 2 and that |z — y,| < 10™ in S,,. We have found a set of measure
> 10™2 where the desired quotient is at least n'?. But these sets are mutually disjoint,
which readily implies that the L* norm of the quotient is not finite. O

4.3. Theorems [2] and [ and a Knapp-like counterexample. In this Section, we
adapt the classical Knapp counterexample to obtain constraints on s, in order for versions
of Theorems [2| and |4 to hold for a family of strong maximal functions:

Proposition 3. Let
1/s
T
R

R axis parallel,
centered at x

denote the s—strong mazimal function, in either two or three dimensions. Suppose that
[Ms,s gllasty S lgllzewe)s
whenever 1 < p < % and 3qg < p'. Then s < 4.

Analogously, suppose that
[Ms,s gll2(s2) S 9l Lews)s
for all 1 <p<4/3. Then s < 2.
Before we move on to the proof, we remark that a combination of the proofs of Theorems
and the ideas in [9] attains that
~ 4
1Ms,sfllLost) S 1fllo(e2), whenever 1< p < 2.p" > 3q and s <2,
and A
[ Ms sqll2s2y S 9]l e sy, whenever 1 <p < 3 and s < 2.

We spare the details, for they do not contain any particularly insightful ideas other than
the ones already presented.
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Proof. We begin with the two-dimensional part. Let ﬁ(&l,gg) = X(=t,0(§1)X(1—2,1)(§2)-
We call this the boz-Knapp example. It is easy to compute that

| fell o2y = C - £373/P vt > 0.

On the other hand, we shall estimate the maximal function Mg, S(ﬁ) from bellow as follows.
Fix a small angle 6y > 0. Then, for 0 € (7/4,7/2 — b)), there is a constant c(fp) so that
cos(#),1 — sin(f) > ¢(0y). We estimate:

1/s
M (}-\)(619) > ][ X > tS/S > t3/s
S,S - —T, — 2, ~ s . s N N
! (t.cos(0)) x sin(8),1) T cos(6)1/5(1 — sin(9))1/

This is the estimate we need, for then

w/2—0¢

1/q
1M, (f)ll pagsty 2 (/ t3q/3d0> >, 135

Putting together yields that

/4

1 1
Vo<t 1,5 <33/P e Z 42 _1>0.
5 P

If s=4+e¢, then 1/p > i—jz — p< gl% < %, and the restriction estimates cannot hold

in the full two-dimensional range.

For the three-dimensional part, we let ﬁt(m,ng,ng) = XB2(0,t) (M, M2)X(=1,1)(M3), and
call this a long-Knapp example. Again, a computation shows that

|| omsy = C272/P, vt > 0.

In this case, we bound MS’S(E) from below by the s—average over a rectangle of dimen-
sions t x t x 4 centered at each point z € S?. In a spherical region of positive H?—measure,

we have

. 1 2
Ms o(Fp) 2t/ =t/ <2727 Vismall <= ~ -2+ - >0.
s p

Again, if s > 2, then p is forced to be strictly less than 4/3. O

With the long-Knapp example, we prove the following:

Proposition 4. The only dimensions in which mazimal restriction estimates for Mg :=
Ms 1 can hold in the full range are d = 2, 3.

Proof. By an argument using long-Knapp example from above, in order for the full range
of maximal restriction estimates of the kind

o~

(11) [ Ms,s()llLasa—1)y S I fll e ey

to hold in the same regime as the already known restriction estimates, we must have
s < ?f[j)lg . This number is less than 1 if n > 5. Also, using the results from [4] (see also
[5] for further developments), we know that the restriction estimates from (1| in dimension
4 for the sphere hold as long as p’ > 2.8. Thus, in order for 11| to hold in the full range for
d =4, we need s < % < 1. In particular, this implies that Mg cannot be bounded in the

full range, except for when d =2 or d = 3. U
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As proved in [9], these estimates do hold in the case of the two-dimensional problem.
An interesting question is the validity of the same bounds in dimension 3. Nevertheless,
an affirmative answer would trivially imply the three-dimensional restriction conjecture,
which is still not completely settled.

Note that the long-Knapp example, if translated to 2 dimensions, provides us with

the exact same bounds as we have achieved. In fact, one achieves that, for ft(fl,fg) =

X(=t.6)(§1)X[=1,1(&2),

/5 < | Mss(Ff)llpasty S 1 fellprmey SETVP = p>s=s<4

Thus, we get no improvement from changing the counterexample’s nature. Furthermore,
if we replace the strong maximal function by the Hardy—Littlewood maximal function in
any dimension, the long-Knapp and the box-Knapp examples deliver the same bounds for
s: L1 ,

-—=20 < s<p.

s p
For the three-dimensional Tomas-Stein exponent case, we get the same s < 4 bound as
in the two dimensions. One inquires whether there is any fundamental difference between
the strong and the Hardy-Littlewood maximal functions in this context. Our counterex-

amples seem to hint at an intrinsic geometric difference.

The three-dimensional Theorem {4|is essentially sharp, in the sense that we have attained
an almost exact characterization of when the full range maximal restriction estimates work.
The only remaining case is the s = 2, p = 4/3 case. We suspect that the inequality should
fail in that endpoint. At the moment, we can neither prove nor disprove it.
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