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ABsTRACT. We prove that torsors under parahoric group schemes on the punc-
tured spectrum of Fontaine’s ring Aj,f, extend to the whole spectrum. Using
descent we can extend a similar result for the ring & of Kisin and Pappas to
full generality. Moreover, we treat similarly the case of equal characteristic. As
applications we extend results of Ivanov on exactness of the loop functor and
present the construction of a canonical specialization map from the B:{R—aﬂ‘ine
Grassmannian to the Witt vector affine flag variety.

1. INTRODUCTION

Let E be a complete discretely valued field with ring of integers O, and perfect
residue field k of characteristic p. Set

Ap = W(Oc)oww) Ok
for C some perfect non-archimedean field C' with ring of integers O¢ such that
k C O¢. Here, W(—) denotes the functor of (p-typical) Witt vectors. If E is of
mixed characteristic, then Ag is the period ring A;,¢ (associated with C' and E)
which was considered by Fontaine. If E 2 k[[r]] is of equal characteristic, then
Ag =W (Oc)®w)Op = Oc|[r]] is a ring of power series over Oc.
Let s € Spec(Ag) be the unique closed point and set

Ug := Spec(Ag) \ {s}.
This ring Ar has the decisive property that the restriction functor
Bun(Spec(Ag)) — Bun(Ug)

of vector bundles is an equivalence, cf. Lemma Let G be a parahoric group
scheme over Og, cf. [8], [29], [44]. Our main theorem is the following generalization.

Theorem 1.1 (cf. Theorem [9.10). All G-torsors on Ug extend to Spec(Ag).

If C is algebraically closed, the extension is necessary a trivial G-torsor because
then Ap is strictly henselian. In this case, Theorem is equivalent to the state-
ment that each G-torsor on Ug is trivial.

Let

Rp = Opl[7]]

E-mail address: ja@math.uni-bonn.de.

Date: February 10, 2021.

1991 Mathematics Subject Classification. 13F35, 12G10, 141.99.
Key words and phrases. parahoric group scheme, Witt vectors.

1



2 EXTENDING TORSORS ON THE PUNCTURED SPEC(AinF)

be the formal power series ring over Og. Again vector bundles on its punctured
spectrum extend to the whole spectrum. From Theorem [I.I] we can draw the
following corollary by descent, cf. Proposition [10.3]

Corollary 1.2 (cf. Proposition [10.3). All G-torsors on the punctured spectrum of
Spec(Rg) extend to Spec(Rg).

If F has mixed characteristic Corollary has been treated in [25], at least if
the generic fiber G := G ®p, E splits over some tamely ramified extension of E,
and is applied there to the construction of integral models of Shimura varieties. If
E has equal characteristic both statements are used in [20] and work of Paul Breut-
mann, cf. [7]. If E has mixed characteristic Theorem [I1.1) has applications to mixed
characteristic affine Grassmannians and moduli spaces of mixed characteristic local
shtukas (cf. Section [40, Section 21.2.], [16]). These applications were our main
motivation for considering the question of extending G-torsors.

As the question is rather specific (and technical), let us give a more detailed
motivation for considering it. The first motivation comes from the construction of
integral models of Shimura varieties with parahoric level structure (cf. [25], [28],
[27]). A key step (cf. 27, Key lemma 3.2.1.], [25] Introduction]) is to prove (as the
authors of [25] phrase it) “that the crystalline realizations of certain Hodge cycles
have good p-adic integrality properties”. For example, even in the case the level is
hyperspecial, it is by no means clear that the crystalline realizations (obtained via
de Rham /Betti/étale comparsion theorems and the theory of Breuil-Kisin modules)
of the Hodge cycles defining the Shimura varieties define a parahoric group scheme.
But this necessary result is implied if torsors under parahoric group schemes over
the punctured spectrum of Rp extend with Og in mixed characteristic, cf. [25]
Corollary 3.3.6.]. Our main results will generalize the crucial |25, Proposition 1.4.3]
and it is therefore reasonable to expect that our results will have some applications
to integral models of Shimura varieties (e.g. to integral models of unitary Shimura
varieties in residue characteristic 2). Another line of motivation comes from the
study of mixed-characteristic affine Grassmannians or affine flag varieties [40], es-
pecially [40, Theorem 21.2.1|. Here, the proof of ind-properness rests (in a subtle)
way on Theorem In a similar vein, Theorem [1.1]is applied in the calculation of
connected components of moduli spaces of mixed characteristic local shtukas, [16].

Let us describe our strategy for proving Theorem [I.1} and where it departs from
the arguments of [25, Proposition 1.4.3.]. Using descent we may enlarge the field
C as we like and assume that it is maximally complete, cf. Lemma[9.1} Let 7 be a
uniformizer in Og. We prove that Theorem is equivalent to the statement that
each G-torsor on

V :=UJ[1/x] = Spec(Ag[1/x])
is trivial. This uses crucially that G is parahoric, cf. Corollary 0.3] The analo-
gous reduction is not possible for the ring R because we are applying Steinberg’s
theorem to the field
(Ag, ()2 [1/7],

a finite extension of W (C)[1/p] resp. C((r)), which is of cohomological dimension
1. Using a result of Gabber on Brauer groups on affine schemes, we prove then
the case of tori, cf. Proposition [0.6] This allows us to assume that G is quasi-split,
semisimple, simply connected, and to reduce to proving that the map

HY(V,G) = H' (Ueys, G)
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has trivial kernel, where
Ucrys g SpeC(AE)

is the complicated “crystalline” part, cf. Lemma We may even assume that G
has no factors of type Eg because quasi-split groups of type Eg are split, and the
split case is easy, cf. Corollary We then introduce (following a suggestion of
Scholze) a “decompletion” Agp of Ag using Mal’cev-Neumann series over O, cf.
Section |§|, which is roughly a power series ring over Op with exponents in R>q.
The ring Ag is henselian along 7 and thus by a result of Gabber /Ramero G-torsors
on V can be “decompleted” to GG-torsors on

V := Spec(Ag[1/x]).

Crucially, the “crystalline part” of Ag[1/7] is simpler, namely a valuation ring of
rank 1, cf. Lemma[6.4] Using that reductions to Borels extend along valuation rings,
we reduce to checking triviality at the generic point of Spec(Ag[1/x]). For this, we
use Gille’s result on Serre’s conjecture I1, cf. [I5], i.e., that torsors under quasi-split,
semisimple, simply connected groups without FEjg-factors over fields of dimension
< 2 are trivial. The assumptions on G are met by our previous reduction, and thus
we have to show that the fraction field K g of flE is of cohomological dimension
< 2 (plus an additional bound on its Kato cohomology in equal characteristic, cf.
Proposition . We do this in Theorem by using perfectoid methods and
cohomological bounds on the F,-cohomology of perfectoid rings, cf. [0, Theorem
11.1.], and étale cohomology of diamonds, cf. [39, Proposition 21.11.]. Gille’s result
is also used in the proof of [25, Proposition 1.4.3.], and the needed cohomological
bounds are easier to prove there. Our proof in respect is simpler in the respect
that we can avoid subtleties with parahoric group schemes. We want to mention
that Jodo Lourengo has informed us that he could improve the needed results on
parahoric group schemes associated to tori and thus obtain Corollary via the
strategy of [25], Proposition 1.4.3.], cf. remark after [35, Lemme 2.6].

We give two applications of our main result. First, we prove that for every
perfect k-algebra R each G-torsors on

Ap(R)[1/n] == W(R)®w ) E

can be trivialized v-locally, cf. Theorem This uses results of Ivanov, cf. [23],
on arc-descent for finite projective Ag(R)[1/7]-modules, and allows us to extend (a
reformulation of) Theorem to open and bounded valuation rings Ct C C. In
fact, we prove the stronger statement that for R the product of absolute integrally
closed valuation rings, each G-torsor on Ag(R)[1/] is trivial, cf. Proposition [I1.5]
and the proof of Lemma, As a second application of our result we present in
Section the construction of a specialization map between mixed characteristic
affine Grassmannianns.

Acknowledgements. We thank Peter Scholze heartily for his interest and sug-
gestions regarding this topic, especially for his suggestion to consider Mal’cev-
Neumann series. Moreover, we heartily thank Kestutis Cesnavicius, Ian Gleason,
Daniel Kirch, Joao Lourengo and Sebastian Posur for discussions and comments on
this paper.
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2. NOTATIONS

We fix some notation used throughout the paper. Let E be a complete discretely
valued field with ring of integers Op, perfect residue field k of characteristic p > 0
and let m € O be a uniformizer. We denote by G a parahoric group scheme over
Og (cf. [8], [44], [30]) and set

G:=G®o, F

for its (connected) reductive fiber over E. Let C' be a perfect, complete non-
archimedean extension such that k& C O¢ where O¢ is the ring of integers of C.
Let mg € O¢ be the maximal ideal of O¢ and let k' := O¢/me be the residue
field of O¢. For simplicity we will mostly (without loosing generality) assume that
k = k'. For a perfect ring S we denote its ring of (p-typical) Witt vectors by W (S).
Set

Then

| Aint ®w ) Op  if char(E) =0

with Aine = W(O¢) Fontaine’s ring associated with C. We may occasionally drop
the E from the notation. Let

s {oc[[w]] if char(E) > 0

[] OC — AE
be the Teichmiiller lift. Then every element a € Ag can be uniquely written as
a= Z[ai]wi
i=0

with a; € O¢. Let
5= 54, € Spec(Ag)
be the unique closed point given by the unique maximal ideal

m:={ Z[%]W" | ap € me}

n>0
of Ap. Let
U :=Ug = Spec(Ag) \ {s}
be the punctured spectrum of Ag. Moreover, set
V := Vg := Spec(Ag[l/n]) CU.
Finally, define the “crystalline point”

Perys = {Z[an]ﬁn | a, € me for all n}

n>0
and the “crystalline part”
Ucrys == Spec(Ap p..,.) CU.
For a finite field extension E'/E we denote by Op its ring of integers. Note that
Ap =2 Ag ®oy Opr

and
Up =Ug ®o, Op, Ve = Ve ®p E', ete.
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If not stated explicitly otherwise, H* will always mean étale cohomology.

3. THE SPECTRUM OF Apg

We use the notation from Section[2} Moreover, we assume that C' is algebraically
closed. Recall that an element

€ Ag
is called distinguished (or primitive) of degree 1 (cf. [12, Définition 2.2.1.]) if
§ = u(r — [=])

for some unit u € A}, and some @ € mc.
For E of equal characteristic the next lemma can be found in |20, Lemma 8.3]
as well.

Lemma 3.1. The spectrum Spec(Ag) of Ag is given as
Spec(Ap) = Uerys U{m} U U {(©)}-

¢cAp
distinguished of degree 1

Proof. Let p C Ag be an arbitrary prime ideal. If p contains a distinguished element
¢ of degree 1 (or equivalently some power), then p lies in the subset

Spec(Ap/(£)) C Spec(Ap).

But (£) being distinguished of degree 1 implies that Ag/(§) is isomorphic to the
ring of integers O¢% for some non-archimedean field C#, possibly C# = C (cf. [12]
Corollaire 2.2.23]). The ring Og# contains exactly two prime ideals, namely (0)
and m/(§). In particular, p = (£) or p = m. Now assume that p does not contain a
distinguished element £ € Ap. We want to prove that

P C Peris = {Z[{bl}ﬂ'l | x; € mo }

n>0

Assume the contrary. Then

0# (]3 + pcriS)/pcris - AE/pcris

is non-zero and there exists an element a € p not mapping to zero in Ag/Peris-
Write

oo
a= Z[zi]ﬂ'i
i=0
with z; € O¢. As7 ¢ p and p is prime we can assume zy # 0 after dividing possibly
by some power of m. Moreover, one z; must be a unit in O¢ as a does not map to
0 in Ag/Peris- In other words, a is primitive in the sense of [I2, Définition 2.2.1.].
By [12, Théoréme 2.4.1.] resp. [33] the element a can be written as a product

n
a = Hai
i=1

for some distinguished elements a; of degree 1 as we assumed that C' is algebraically
closed. As p is a prime ideal, one of these a; must lie in p which is the contradiction
we were looking for. This finishes the proof. O

We can record the following corollary.
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Corollary 3.2. Let £ € Ag be a distinguished element of degree 1. Then the local
ring
Ap. (o)
is a discrete valuation Ting.

Proof. Without knowing that the local ring Ag (¢) is a discrete valuation ring it is
known (by [12, Définition 2.7.1.]) that the {-adic completion of Ag (¢ is a discrete
valuation ring (at least for (£) # (w), but the remaining case (7) = (§) is clear).
Let p C Ag be a prime ideal contained in (&), i.e., p lies in the spectrum

Spec(Ag,(¢)) € Spec(Ag)
of the localisation Af (¢). Every a € p can be written as
a=b&
for some b € Ag. If we assume & ¢ p, then

b=2ep,

£
i.e., &p = p. But Ag injects into the £-adic completion
R:=(Apg)e,
which is a discrete valuation ring with uniformizer £ € R. Let
q=>pR.
Then £q = q which implies
q=0

as R is a discrete valuation ring. But then p = 0 as well. In other words, we have
proven that the spectrum

Spec(Ag,¢)) = {(£),(0)}

contains exactly two prime ideals, both of which are finitely generated. By [I8]
Chapitre 0, Proposition (6.4.7.)] this implies that Ag (¢) is noetherian and then
more precisely a discrete valuation ring. (Il

We remark that the subset
Ucrys g SpeC(AE)

remains mysterious. For example it contains the non-closed prime ideal

U [w]AE < Peris
weEmg
(cf. [I2] Section 1.10.4.]). In particular, the Krull dimension of Ag is at least 3. In
fact, the Krull dimension of Ag is infinite, cf. [31]. One main point in our proof
will be to pass to a “decompletion” A of Ap for which the crystalline part has an
easier structure, it is a valuation ring of rank 1, cf. Lemma [6.4]
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4. SOME COMMUTATIVE ALGEBRA OVER Af

We shortly want to mention some results on commutative algebra over Ag gen-
eralizing those in [3, Chapter 4]. Recall that 7 € Og is a uniformizer, that s €
Spec(Ag) denotes the unique closed point of Spec(Ag) and that U = Spec(Ag)\{s}
is the punctured spectrum of Ag. The proof of [3, Lemma 4.6.] generalizes to the
following lemma.

Lemma 4.1. The restriction of vector bundles induces an equivalence of categories
between vector bundles on Spec(Ag) and vector bundles on U. In particular, all
vector bundles on U are free.

Proof. Replacing p by 7 in [3, Lemma 4.6.] the same proof works and we refer the
reader to its proof. O

The next corollary is (nearly) [3, Corollary 4.12.].
Corollary 4.2. Let N be a finite projective Ag[l/w]-module. Then N is free.

Proof. Let M C N be a finitely generated Ag-submodule such that M[1/7] = N.
The localisation
Ap,(m)

of Ap at the prime ideal (7) for 7 € O a uniformizer is a discrete valuation ring
(cf. Corollary [B.2]or [3, Lemma 4.10]). As M is finitely generated and m-torsion free
the localized module M ®4, Ag (x is finite free. Using Beauville-Laszlo (cf. [2])
(and that Spec(Ag/p) = Spec(O¢) has exactly two points) the quasi-coherent sheaf
M on Spec(Ag) defined by M restricts thus to a vector bundle on the punctured
spectrum U. By Lemma this vector bundle is trivial which implies that NV is
already free. |

In particular, we can conclude that every line bundle on U resp. V is trivial, i.e.,

HYU,G,,) = HY(V,G,,) = {1}.

5. A GENERAL AFFINOID COMPARISON THEOREM

Later we want to prove, if C is algebraically closed and maximally complete, a
cohomological bound for the étale cohomology of
V = Spec(Ag[l/7])
by deducing it from results on the étale cohomology of the associated adic space
Spa(Agp[l/7], Ap)

(where Ag carries the m-adic, and not the (m,[w])-adic topology). For this we
need to slightly improve a result of Huber resp. Hansen, cf. [22| Corollary 3.2.3.]
resp. [19, Theorem 1.9.], on comparing étale cohomology of schemes and adic
spaces/diamonds in the affine case.

Let (A, A™) be a pair of a Tateﬂ Z,-algebra A with an open and integrally closed
subring AT. To this pair one can associate the spatial diamond

Spd(A, A™)

1I.e.7 a complete topological Zp-algebra A, containing a topologically nilpotent unit and an
open and bounded subring.
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sending a perfectoid space X over [F,, to the set of triples

(Xﬁ7l" f)’

where X* is a perfectoid space (over Z,), ¢: (X#)” 2 X an identification of the
tilt of X* with X, and f: A — Ox:(X*) a continuous Z,-algebra homomorphism
sending A to OF, (X?), cf. [39, Proposition 15.4.].

Let us note that there exists a natural morphism

f: Spd(A, AT)e — Spec(A)e

of étale sites (here Spd(A4, A )4 denotes the site from |39, Definition 14.1.]).
Combined with [39, Lemma 15.6.] the following result was obtained under

noetherianess assumptions by Huber/Hansen. The general case follows by an easy

noetherian approximation, cf. [9, the proof of Theorem 4.10] for a similar argument.

Proposition 5.1. Let A be a Tate Zy-algebra and AT C A an open and integrally
closed subring. Then for each étale torsion abelian sheaf F on Spec(A) and any
i > 0 the canonical morphism

H(Spec(A)e, F) — H(Spd(A, AN g, * F)
is an isomorphism.

Proof. Both sides commute with colimits in F (as the sites Spec(A)s and Spd(A4, A1 )¢
are coherent, the latter by the fact that Spd(A, AT) is a spatial diamond). Thus we
may assume that F is constructible. Fix a pseudo-uniformizer ¢t € A™. Recall that
the topology on every open bounded subring Ag of AT is t-adic and A = Ag[1/t], cf.
[40, Chapter 2|, and that A™ is the filtered union of its open and bounded subrings
(which wlog contain t). We can therefore write

AT = th B;

iel

as a filtered colimit of Zj,[t]-algebras, which are the t-adic completions of Z,-algebras
of finite type. Then F is defined already over Spec(B;,[1/t]) for some iy € I, i.e.,
it is the pullback of some constructible étale sheaf F;, on Spec(B;,[1/t]). We may
assume that ig € I is initial. For ¢ € I set

Fi
as the pullback of F;, along Spec(B;[1/t]) — Spec(B;,[1/t]). Then
H*(Spec(A)sr, F) = lim H™ (Spec(Bi[1/1])et, Fi)

iel
by general results on étale cohomology of schemes. On the other hand, note that
by definition

i€Iop
and thus by [39, Proposition 14.9.]

H*(Spd(A, AT, F) = ligH*(Spd(Bi[l/t], Bi)et, Fi)

iel
Therefore we may replace A by some B;[1/t] and B; by its (noetherian) integral
closure in B;[1/t], and apply [I9, Theorem 1.9.] to conclude. O
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6. DECOMPLETING Ag

In this section we want to introduce (if C' is algebraically closed and maximally

complete) a certain “decompletion”

Ap C Ag
of Ag, which has the crucial property that its “crystalline” part is much easier,
namely the spectrum of a valuation ring of rank 1, cf. Lemma [6.4] Moreover,
we will prove that the fraction field of Ag has cohomological dimension < 2, cf.
Theorem [6.6] Proposition [6.9] which is necessary as we want to apply Gille’s result
on Serre’s conjecture II, cf. [15] to it.

For the whole section we assume that the field C is algebraically closed and
maximally complete (in the sense of [36]). For convenience we assume that the
value group of C' is R. Let us note that by [36], Corollary 6] any complete non-
archimedean field can be embedded in an extension satisfying these conditions. In
fact, one can construct such an extension explicitly using Mal’cev-Neumann series,

cf. [36] 7]

Definition 6.1. Let R be any ring. Then the Mal’cev-Neumann ring R((t®)) with
residue ring R (and value grou;ﬁ R) is the ring of formal power series

a= Z agt*
z€R
with coeflicients a, € R, such that the support

supp(a) :={z € R | a; # 0}
is a well-ordered subset of R

By the condition on the support the R-module R((t®)) has the natural well-
defined multiplication

O aat™) O bat™) = (> ayb )t
zeR zeR x€ER y+z=x

turning it into a ring, cf. [36] Section 3|. Let us note that there is the natural
“valuation’f]

v: R((t%)) = RU{o0}, a > inf{supp(a)}
on

R((t)).
Let
R[[t*>*]] == v (R0 U {o0}).

Clealy, in the topology on R((t®)) induced by v the subring R[[t®2°]] is open and
its subspace topology is the t-adic topology. Moreover,

R((#%)) = R[[t*>°])[1/4].

2We thank Peter Scholze for giving the hint to consider these rings.

30ne can replace R by any totally ordered abelian group in the definition.

4We recall that a totally ordered set is well-ordered if any non-empty subset has a minimal
element.

51t is not a valuation in the strict sense, as v(ab) # v(a) + v(b) in general, e.g., if R contains
zero-divisors.
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Let us turn back to the question of “decompleting” Ag. Under the assumptions
on C' from the beginning of the section we get that
C = k(%))

by [36, Corollary 6], where k is the (algebraically closed) residue field of C. Of
course, this isomorphism can be chosen to be compatible with valuations. We
therefore redefine C' in this section by setting

C = k((t%)).
In particular, we get
OC = k[[tRZOH = V_1<R20 n {OO})
Recall that
Ap = W(Oc)@w(k)0E7

where the completion is m-adic, cf. Section 2] We can now define our promised
“decompletion” }

AE = OE[[tRZOH.
Let us note that there exists a natural morphism
of Op-algebras. In fact, we have the following.

Lemma 6.2. The ring Ap is w-torsion free and its m-adic completion identifies
with Ag. Moreover, the ring Ag is henselian along (7).

Proof. The 7-torsion freeness is clear as Ap embeds (as an Op-module) into the
product [[ Og. Moreover,
R

Ap/m = K[[t*>°]] = O¢
is perfect. This implies that 3
(Ap)y = Ap
as perfect k = Op /m-algebras lift uniquely to m-torsion free m-complete O g-algebras.

To see that Ag is henselian along ™ we may (by t-completeness) argue mod ¢. The
ideal

v (Rso U {o0})/(t) € Ap/(t)
is locally nilpotent and thus B
AE/t
is henselian along 7 if and only if
Ap /v HRso U {o0}) 2= Op
is henselian along w. But the latter holds as O is m-adically complete. (I

This has the following consequence.

Lemma 6.3. Let H be any smooth affine group scheme over Og. Then the canon-
ical map

Hy, (Spec(Ag(1/n]), H) — Hg,(Spec(Ag(1/x]), H)
is a bijection.
Proof. This follows from Lemmal[6.2] [14, Theorem 5.8.14.] and the observation that
by smoothness any H-torsor for the fpgc-topology admits sections étale locally. [
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Set
fjcrys = Vﬁl(R>O U {OO})
and define the “crystalline” part of Spec(Ag) as

Ucrys = SpeC(AEﬂacrys)‘
The following observations are crucial.

Lemma 6.4. The following hold true:
1) Under Spec(Ag) — Spec(flE) the prime ideal perys C Ar maps £0 Perys
Ag. In particular, Ucrys C Ucrys XSpec(An) Spec(Ag).
2) The ring
AB ferye
is a valuation ring (of rank 1).

Thus, by replacing Ag by Apg the structure of the crystalline part has become
much simpler.

Proof. For 1): Note that perys resp. Perys are the images of the generic point of the
canonical morphism

Spec(Og) — Spec(Ag)
resp.

Spec(Og) — Spec(AEg).
Now it suffices to see that tl}e morphism A r — Og factors over AE~.

For 2): The localization Ag ;_, _ is the valuation ring R C Frac(Ag) induced by
the valuation )
V. AE —RU {OO}

Indeed, the assumptions of Lemma [6.5] are satisfied and we can conclude. ([l
Lemma 6.5. Let R be an integral domain, and let w: @ := Frac(R) — T'U{oo} be
an (arbitrary) valuation on its fraction field, such that w(R) C I'so U {oo}. Set

pi=w 1 (TsoU{oc}).
Then p C R is a prime ideal in R and if w‘l(FZ7 U {oo}) is a principal ideal for
any v € I, the localization R, is a valuation ring (with valuation w).

Proof. Tt is clear that p is a prime ideal in R. Let r,s € R\ {0}. Set
v = w(r), 72 :=w(s).
Without losing generality we may assume v, > 2. For i = 1,2 let
t,eR
be a generator of w™(I'>,, U{oo}). Using our assumption that w(R\ {0}) C I'sg
we note that
w(t;) = .
Then (t1) C (t2) and there exists a, b, c € R with
aty =t1, bty =1, cty = s.

Thus,

r_%_abtg ab

S cto cto c
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As
we can conclude

i.e., ¢ ¢ p. This finishes the proof. O

Our next aim is to prove that the fraction field
Kp = Frac(Ag)
of Ag has (-cohomological dimension cd¢(Kg) < 2 for all primes £.

Theorem 6.6. Let £ be any prime. Then
Cde(KE) < 2.

Proof. The case ¢ = p = char(F) follows by Artin-Schreier theory, hence we may
assume that we are outside this case, i.e., £ # p if char(E) = p. Let

j: Spec(Kg) — V := Spec(Ag[l1/7])

be the natural inclusion, and let F be an étale Fy-sheaf on Spec(Kg). Then we
obtain a distinguished triangle

J«F = Rj, F —Q
in D(f/ét, F;). Pulling back along the morphism

f:V :=Spec(Ag[l/n]) =V
yields the triangle
[P F = [FRjF — Q.
We claim that
[ Q
is concentrated in degree 1, and that

f*62|UCrys = 05
where Ugys € V' denotes the crystalline part, cf. Section @ We may check this
on points of V. Let y € V be a point corresponding to a distinguished element
a € Ag, cf. Lemma By (the easier case of henselian discrete valuation rings
of) the Fujiwara-Gabber theorem, cf. [4, Corollary 1.18.(2)], it suffices to see that
the complete discretely valued field

(Ag(1/7])q[1/al,
has cohomological dimension 1. This is known as its residue field is algebraically
closedﬁ By Section |3| the remaining points lie in the crystalline part Ucys € V.
Now we crucially use our explicit understanding of the crystalline part f]crys of V,
cf. Lemma As Ugrys maps to the crystalline part ﬁcrys of V it suffices to see
that

(R'jeF)zery. =0
fori > 1, and Zcrys = Perys the “crystalline point” of 174 (triviality for points mapping
to the generic point of V is clear). Again by Fujiwara-Gabber we may replace the

Terys

6We don’t know if it can happen that f(y) maps to the generic point of V for y outside Ucrys.-
However, in this case R'j«(F) () = 0 holds trivially for i > 0.
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strict henselization of V at Zerys, a valuation ring of rank 1, by its completion. If
FE is of characteristic p we may further pass to its perfection. In the end we obtain
a complete valuation ring

R
of rank 1 with an algebraically closed residue field, value group R. We have to see
that the field
L := Frac(R)
is of ¢-cohomological dimension 0. Now we can apply ramification theory for fields

like L, cf. [II Chapter III|. If char(E) = 0, then we get that L is algebraically
closed, and if char(F) = p > 0, then

Gal(L/L)

is a pro-p-group. As we assumed in the beginning that ¢ # p if char(E) = p, we get
the result.
Next we claim that
RI(V,Q) € D=L,
By Fujiwara-Gabber and the fact that

" QUerys =0,
we may instead prove the statement that for any i > 0
H'(V,F)=0
for each Fy-sheaf 7/ on V with
FUerye = 0-

Using that RT'(V, —) commutes with filtered colimits (because V is qcgs) we may
replace Uerys by some open subset W containing it. Then F’ is supported on finitely
many points of V' \ Uerys. The statement becomes clear as each of these points has
an algebraically closed residue field by Lemma This finishes the proof that

RT(V,Q) < D=L

By Proposition [6.7] below, we see that
RU(V,j.(F)) € D=2,

and as }

RT(V,Q) € D=1
by our results above, we thus obtain

RT'(Spec(Kg), F) = RT(V, Rj.(F)) € D=2
as desired. O
We cannot prove a deschiption of Spec(fl g) similar to Lemma in particular

we don’t know if f: V' — V is surjective (which would imply R'j,(F) = 0 for i > 2
in the above proof, making the structure of the proof a bit clearer). In a similar vein,

if a € Ag is distinguished, we don’t know if there exists a distinguished element
@ € (a) N Ag. The problem is that we don’t know if the Teichmiiller lift

[—]I OC —>AE

has image in Ag (it does however when char(E) = p).
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Proposition 6.7. For each prime £ and each étale Fy-sheaves F on Spec(Ag[1/x])

RTs(Spec(Ag[1/x]), F) € D=2.
Similarly, for Spec(Ag[l/7]).
Proof. As Ap is henselian along (7) by Lemma we can apply the Fujiwara-
Gabber theorem, cf. [I3], [4, Corollary 1.18.(2)], and conclude

RT¢ (Spec(Ag[1/n]), F) = RT s (Spec(Ag[l/x]), F)

for all étale Fy-sheaves F on Spec(Ag[l/7]). In the notation we suppressed here
the pullback along the natural morphism

Spec(Ag[1/7]) — Spec(Ag[l1/7])
on the RHS. Thus it suffices to consider the case of Ag. Set

Ex

as the (uncompleted) cyclotomic Zy-extension of E if char(E) = 0, resp. the (un-
completed) perfection of F if F has char(E) = p. Then we introduce

Ap, = Ap ®o, Ok,
and }
Ap. = (Ag.)l.

The ring A, is perfectoid, cf. Lemma[6.8] If char(E) = 0, then

Spec(Ag_[1/x]) — Spec(Ag[l/x])
is a Z,-torsor (where Z, is viewed as a pro-étale group scheme). If char(E) = p,
then the morphism

Spec(Ag. [1/7]) — Spec(Ag[1/x])
is a universal homeomorphism. By the Fujiwara-Gabber theorem we have again

RI'(Spec(Ag.[1/7]), F) = RI'(Spec(Ag.[1/7]), F)

for each étale Fy-sheaf F on Spec(Ag_[1/7]). Now assume that £ = p. The case
¢ = p = char(E) follows again by Artin-Schreier theory for Ag[l/7]. Therefore we
may assume additionally that char(E) = 0. Note that then Ag__ is a p-torsion free
perfectoid ring. By [6, Theorem 11.1.] we get that

REa(Spec(Ap. [1/), F) € D!

for each étale IF)-sheaf 7 on Spec(A%;_ ). Using that the p-cohomological dimension
of Z, is 1, we can conclude that as desired

RI(Spec(Ag[l/xn]), F) € D=2

for each étale IF,-sheaf F on Spec(Ag[1/n]). This finishes the case ¢ = p, and we
pass to the case £ # p. As before, we want to prove that

RT(Spec(Ag[1/x]), F) € D=2

for each étale Fy-sheaf F on Spec(Ag[l/n]). Let us denote by A% the ring Ag
equipped with the w-adic topology. Similarly, we introduce A}Em. By Proposition

RT¢(Spec(Agp[1/7]), F) 22 Rl (Spd(A'[1/7], Al), F*)
and F any étale Fy-sheaf on Spec(Ag__[1/7]). We claim that
H'(Spd(Af[1/7], Ajp), F) = 0
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for ¢ > 2 and any étale Fy-sheaf F on the spatial diamond
Vi := Spd(Afg[1/7], Af).
By [39, Proposition 21.11.] it suffices to show that
dim(Vg) =1
(where the dimension is defined as in [39, Chapter 21|, i.e., the Krull dimension of
the underlying spectral space of Vg), and
cdy(y) <1
for each maximal point y € Vg, cf. [39, Definition 21.10.]. We may calculate
dim(Vg) via the Z,-cover
g: Ve, :=Spd(AL_[1/7], A ) = V&,

where Vg_ is a perfectoid space. Let @w € O¢ be a pseudo-uniformizer. Then by
tilting (which amounts to replacing F., by its tilt) we see that the open subset

Ve, = |J {In"™ > [[@]| = x|"} € V.,
n,meN
is the (diamond associated to the) perfection of the punctured open unit disc over
Spa(C, O¢), and thus of dimension 1. In the following we will use freely that the
topological spaces of
Ve

and

Spa(Aj[l/7], Af)
coincide, cf. [39, Lemma 15.6.]. The complement of

Ve =9(Vg,)

in Vg has three points, first the “crystalline” point ycrys which is the image of

Spd(E,Og) C Vg

(and this is the only point y € Vg_ such that w maps to 0 in the residue field of
y). On the other hand, there is the image Y1 aqq of the m-adic valuation in

Spd((Ag[1/[@])7[1/7], (A[1/[=])7)
(the field (Ag[1/[@]])2[1/7] is E@w ) W (C) if char(E) = 0, and C((7)) otherwise)
under the canonical morphism to Spd(A;[1/7], A%). The point y; aqq is the unique
maximal point y € Vg such that © maps to a unit in the residue field at y (seen as
a point in Spa(A’;[1/7], A%;)). Let us note that y1 aqq has one specialization ya aqq
in Vg. Namely, as Spa(A’z[1/7], A%) is analytic specializations in it do not change
the residue field. Thus, specializations of y; aqq correspond to valuation rings in C
containing O¢. As O¢ is of rank 1, these valuation rings are C' (corresponding to
Y1,ada) and O¢ (corresponding to y2 aqa). Note that the points ¥1 add, ¥2,aaa make
the difference between
Spa(Ag, Ap) \ V([=])
(here Ap carries the (m, [ww])-adic topology) and

Spa(Aj[1/7])
(here A%, carries the m-adic topology). Altogether, we see that
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Next we show that each maximal point y € Vg has ¢-cohomological dimension (in
the sense of [39, Definition 21.10])

cde(y) < 1.

Indeed, as ¢ # p this holds for all points in Vz because the same is true for its
Zy-cover Vi (by tilting and [39, Proposition 21.16.]). For the remaining maximal
points

Yerysy Y1,add
this holds true as finite extensions of the fields

W(L)[1/p]
resp.

L((m))

for any algebraically closed field L of characteristic p are of cohomological dimension
1. As announced we can apply [39, Proposition 21.11.] to

Vi
and conclude. This finishes the proof. ([

Note [39, Proposition 21.11.] holds true for £ = p as well. However, we needed a
different argument in that case as we cannot conclude

cdy(y) <1

(only cdy(y) < 2) for points in Vi by tilting the Z,-cover Vg of V.
In the proof we used the following statement, which appears in [40, Proposition
13.1.1.], too.

Lemma 6.8. The ring
A, = (A )7
is perfectoid.
Proof. As A’Ew is an algebra over the perfectoid ring OEOMAT it suffices to see that
Al is m-torsion free and that the Frobenius on

Ay [
is surjective. But
Abm/ﬂ' ~ Oc R OEOO/W,
and thus the Frobenius is indeed surjective. (Il

_ If char(E) = p, then we need the following additional result on the dimension of
Kg, cf. [42] §10.1.]. Let F be a field of characteristic p, set

Q= AiQ}p/Z
and denote by d: Q'~1 — QF the exterior derivative. Let
v Q= QY /d!
be the inverse Cartier operator. Then set
H;H(F) := coker(y — 1: Q' — Q1 /dQ*™1)

for i > 0 (with Q! := {0}). To apply Gille’s result on Serre’s conjecture, cf. [15],
we need the following vanishing result for H.
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Proposition 6.9. Assume char(E) = p > 0. For each finite separable extension F
of K we have

H)(F)=0
fori > 3.
Proof. Let F, be the perfection of E. Considering Mal’cev-Neumann series we see
that the (uncompleted) tensor product

Op.. ®o, A

is a perfect ring. Thus,

Eo ®5 Kp

is a perfect field, and in fact the perfection of Kpg. Similarly, as F is a separable
extension of K,

Foo =E Qg F

is the perfection of F' (note that E is integrally closed in Kpg as follows from the
existence of a morphism Ay — E of E-algebras). In particular, we see that each
finite separable extension F' of K satisfies

[F: FP] =p.
Now we can apply Lemma [6.10} O
Lemma 6.10. Let F be a field of characteristic p, such that [F : FP] = p" for some
r>0. Then H}\(F) =0 fori>r+2.
Proof. The field F' admits a p-basis of r elements. In particular,
/e,

is free of rank r over F', and thus

Q7 /F, = 0
for j > r 4+ 1. Because

H;(F) = coker(y — 1: QZ;/[le — Q;T/%Fp/dQ?/?Fp),

we obtain
H;,(F) =0
for i > r + 2. O

7. GENERALITIES ON TORSORS

In this section we collect some general facts about torsors we will use later. The
following theorem of Steinberg will be important for us.

Theorem 7.1. Let K be of dimension < 1, i.e., for every finite field extension
K'/K the Brauer group Br(K') vanishes. Then for every (connected) reductive
group G/K the cohomology set H'(K,G) = {1} is trivial.

Proof. This is [41l, Chapitre 111.2.3, Théoréme 1’| (noting [41l Remarques 1)] fol-
lowing it). O
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For example, fields complete under a discrete valuation whose residue field is
algebraically closed are of dimension 1 (cf. [41, Chapitre I1.3.3.c)]).

We now want to discuss shortly the Beauville-Laszlo glueing for torsors. Thus
we consider the following situation.

Let A be a ring and let f € A be a non-zero divisor. Let A¢ be the localisation

of A at f and let A be the f-adic completion of A. Moreover, let
G — Spec(A)

be an affine, flat group scheme over A. Then we have the following immediate
consequence of the Beauville-Laszlo glueing lemma (cf. [2]).
In the following, “torsor” means “torsor for the fpqc-topology”.

Lemma 7.2. Sending a G-torsor P on Spec(A) to

(P1 1= Pispec(ar) P2 = Pigpec(ay @ Prispecln/f1) = Plspec(an/ ) = P2ispectan/ n)
defines an equivalence between the groupoid of G-torsors on Spec(A) and the cate-
gory of triples

(Pl, Pg, Oé)
with P1 a Gispec(a,)-torsor on Spec(Ay), P2 a G spec(d)-torsor on Spec(zzl\) and
a: P1|Spec(,§[1/f]) = P2\Spec(ﬁ[1/f]) an tsomorphism.

Proof. From [2] one can conclude that the category of flat A-modules M is equiv-
alent to the category of triples

(My, M, )

with My a flat Ap-module, M a flat A-module and a: My @4, A[1/f] = Z/W\[l/f]
an isomorphism. This equivalence respects tensor products and hence induces an
equivalence on algebra/coalgebra objects. Moreover, a faithfully flat affine scheme
X over Spec(A) with an action by G is a G-torsor for the fpgc-topology if and only
if the canonical morphism

g X Spec(A) X=X X Spec(A) Xa (g,l’) = (gx,x)

is an isomorphism. This condition can be phrased in terms of coordinate rings and
hence we obtain the lemma. O

If G is smooth over Spec(A), then every fpqc-torsor is actually trivial for the
étale topology and we obtain Lemma with “fpqc” replaced by “étale”. In fact, if
G is smooth, then every G-torsor P is smooth and thus admits sections étale locally.

For A = A (equipped with the (7, [w])-adic topology for some pseudo-uniformizer
() we shortly discuss a comparison for “algebraic” and “adic torsors”. We include
this statement only for completeness as it is not needed in the sequel. We recom-
mend [40, Appendix to lecture XIX] for a discussion of torsors over adic spaces.

Proposition 7.3. Let s € Spec(Ag) resp. s € Spa(Ag, Ag) be the closed point,
where Spa(Ag, Ag) denotes the adic spectrum of Ag. Then for every affine smooth
group scheme G/Op the groupoids of G-torsors on U := Spec(Ag) \ {s} and Gadic-
torsors on U := Spa(Ag, Ag) \ {s'} are canonically equivalent.

Proof. By [40, Theorem 14.2.1.] and [40, Lemma 14.2.3.], cf. Lemma [4.1] there are
natural equivalences

Bun(U) = Bun(Spec(Ag))
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and
Bun(U) = Bun(Spec(AEg))

(the same proof works if E is of equal characteristic). Using [40, Theorem 19.5.2.]
we therefore have to prove that

Bun(Y/) = Bun(U)

as ezxact categories, namely by [40l Theorem 19.5.2.] the groupoid of G-torsors
identifies with the groupoid of fiber functors on Repy, (G) over U resp. U. Let
u:= [w] € Ag be the Teichmiiller lift of some w € m¢ \ {0}. If

0—)M1—>M2—>M3—>0

is an exact sequence of vector bundles on U, then setting M; = H°(U, M,) we
obtain an exact sequence

0—- M — My— M;—>Q—0
of Ag-modules where the finitely presented @ is killed by some power of the ideal

(m,u). For every affinoid Spa(B,B") C U either 7 or u is invertible on B. In
particular,

Tor'"(B,Q) = 0
for ¢ > 0, which shows that
0—=>B®a, M1 - B®a, Mo - BR®a, M3z =0
is exact. This proves that the functor
Bun(U) — Bun(lf)
is exact. Conversely, assume that
0N =Ny = N3 =0

is an exact sequence of vector bundles on U. Let N; = H°(U, N;) be the associated
finite free Ag-modules under the equivalence Bun(i/) = Bun(Spec(Ag)) from [0,
Theorem 14.2.1.]. Set

U ={|r| <|u| #0} CU
Uy = { Jul < || £ 0} CU
Uis =U1 NUs.
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By definition we obtain a diagram with exact rows and columns

0 0 0
0 N1 NQ NB
H (U, ,NY) HO(Uy ,N3) H(Uy,N3)
0 > @HO(Ij{Q,Nl) @HO(MQ,/\Z) @Hﬂ(uz,j\sfs) =0

0 ——= HO(U2, N7) — H(U12, No) — HO(U12,N3) —=0

Hl(Z/{)Nl) Hl(uaNQ) Hl(u“/\/‘?))HO

0 0 0.

After inverting 7 the groups H* (U, N;) vanish. In fact, they are (as in the proof of
[40, Theorem 14.2.1.]) given by H'(Spa(A[l/x]),N;) with N; a vector bundle on
the affinoid adic space

Spa(A[1/n]) = { @ € Spa(A, A) | |x(x)| # 0},
where A = Ag but equipped with the m-adic topology. Namely, consider the spaces
U = {|x| < |u| # 0} C Spa(A[L/x))

and
Uy = {|u| < |r| # 0} C Spa(A[1/7]).
Then
Us = Uy
and

HO(th,0p) = H(Uy, Oy,)[1/7]
by [40, Lemma 14.3.1.]. Moreover,
Uy N Uy = Uy N Us.
Thus the modules HO(Uy, N;)[1/7] and H(Usy, N;) glue to a vector bundle N on
Spa(A[l/7]) as
Spa(A[l/7])
is sheafy (cf. [40, Proof of Proposition 13.1.1.]). By sheafiness we can thus conclude
that
H'(U,N)[1/x] = H' (Spa(A[1/x]),Ni) = 0
(cf. [40, Theorem 5.2.6.]). This implies that the cokernel @ of No — Nj is m-torsion.
Hence, to show that it vanishes on U it suffices to prove that

Q®®a, R=0
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where R is the m-adic completion of Ag[l/u]. But R is flat over Ar and by as-
sumption the sequence

0> N1 ®ap, R No®u, R— N3®a, R—0

is exact it identifies with the m-adic completion of the stalk at () € U of the exact
sequence
0= N = No = N3 = 0.

This finishes the proof. O

8. GENERALITIES ON EXTENDING TORSORS

We want to draw some consequences of Lemma [I.1] in a more abstract setup.
For this let A be any ring and let U C Spec(A) be a quasi-compact open subset.
We assume that the restriction functor for vector bundles

Bun(Spec(A)) = Bun(U)

is an equivalence.

For example, A can be Ag (cf. Lemma or a two-dimensional regular local
ring (cf. Lemma . Even under this general assumption, we can conclude that
the functor inverse to restriction must send a vector bundle ¥V on U to the quasi-
coherent module on Spec(A) associated with the A-module

HY(U,V)
because if V' denotes a preimage of V, i.e., V' is a vector bundle on Spec(A4) and
V|/U =Y, then
HY(U,V) = Homp,, (Oy, V) = Homoy, . 1, (Ospec(a); V' (Spec(A))) = V'(Spec(A)).

In particular, we obtain that for V a vector bundle on U the global sections H°(U, V)
are finite locally free over A.

Corollary 8.1. Let A be as above and let f: X — Spec(A) be an affine morphism
and let g: U — Xy := X Xgpec(a) U be a section of X over U. Then g extends
uniquely to a section g': Spec(A) — X.

Proof. This is a consequence of the adjunction for the Spec-functor. Namely write
X = Spec(B) for some A-algebra B. Then

HomSpec(A) (Uv X)

HOH’IA(B, F(U7 OU))

Homy (B, A)

HomSpec(A) (SpeC(A)a SpeC(B))

because I'(U, Oy ) = A. O

1R 1R

Proposition 8.2. Let A be as above. Then the base change functor

{X — Spec(A4) affine and flat } — {Y — U affine and flat }
X — X X Spec(A) U

is fully faithful and its essential image consists of all affine and flat morphisms

g: Y — U such that H*(Y,Oy) is a flat A= H°(U, Oy)-module.
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Proof. We prove that the base change X +— X Xgpec(a) U induces an equivalence
of the categories
C := {X — Spec(A) affine and flat}

and

D :={g: Y — U affine and flat such that H°(Y, Oy) is flat over A}.
In fact, for g: Y — U in D we set

X := Spec(H’(Y, Oy))
for the flat A-algebra HY(Y,Oy), which defines a functor from D to C. For
f+ X — Spec(A)
affine and flat with base change g: X Xgpec(a) U — U let us write
[+O0x = limV;

for vector bundles V; on Spec(A) (using Lazard’s theorem [43, Tag 058G]) and
compute

HO(U,g.(0x)) = HO(U. limg Vyor) = ling Vi (Spec(4)) = Ox (X)

where we used our assumption on A and that U and g are quasi-compact (and quasi-
separated) to commute global sections resp. the direct image and filtered colimits.
On the other hand, if we start with

g:Y —=U
in D, then we obtain a canonical morphism
Y — Spec(H°(U, g.(Oy)))
over Spec(A) which restricts to the isomorphism (as g: Y — U is affine)
Y = Spec(g+(Oy))
over U. This finishes the proof. (I

Note that each affine U-scheme Y extends to an affine Spec(A)-scheme by con-
sidering its global sections. However, two non-isomorphic, integral affine schemes
X, X' over Spec(A) can have isomorphic restriction to U. As a concrete example,
let

A" = k[z,y]
be the polynomial ring and consider the A’-algebra
B := k[u,v]

with 4 = 2 and v = £ (an affine chart of the blow-up of A" in (x,%)). Set A as
the localization of A’ at (x,y) and B := A ® 4 B’. Then Spec(B) — Spec(A) is
isomorphic to Spec(A[1/x]) — Spec(A) when restricted to U = Spec(A) \ {(z,y)}.
Here, B is not flat over A as the dimension of the fibers jumps. Examples of affine,
flat schemes over U, which do not extend to affine, faithfully flat schemes over
Spec(A) are provided by Example .

Using Proposition [8.2] we arrive at the following descent criterion for extending
some affine and flat morphism ¥ — U to Spec(4).

Now let A — A’ be some morphism such that the restriction functor

Bun(Spec(4’)) = Bun(U’)
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of vector bundles from Spec(A) to U’ := U Xgpec(a) Spec(A’) is an equivalence.

Lemma 8.3. With the notations from above assume furthermore that A’ is faith-
fully flat over A. Let Y — U be an affine and faithfully flat morphism and assume
that

YXUUI—>U/

extends to some affine faithfully flat Spec(A’)-scheme. Then'Y extends to an affine
faithfully flat Spec(A)-scheme.

Proof. Indeed, by Proposition 8.2 we have to check whether the global sections
HO(Y,Oy)

are faithfully flat over A. But this can be checked after the faithfully flat base
change A — A’ and over A’ it holds true after assumption and Proposition[8.2l [

Now let G be an affine flat group scheme over Spec(A).

Lemma 8.4. The restriction functor from G-torsors on Spec(A) to Gy-torsors on
U is fully faithful with essential image given by Gy -torsors P on U such that the
global sections H°(P,Op) are faithfully flat over A.

Proof. Each G-torsor on Spec(A) is represented by some affine, faithfully flat scheme
over Spec(A). Therefore we may apply Proposition to conclude fully faithful-
ness of restrictions of G-torsors. Let P be a Q|U—torsor on U such that the global
sections of P are faithfully flat over A. By Proposition the underlying scheme
of P extends to a faithfully flat scheme P’ over Spec(A). By fully faithfulness of
restrictions the Gjy-action extends to P’. That P’ is a G-torsor can then again be
checked after restricting to U. This finishes the proof. d

In the reductive case G-torsors on U will automatically extend to Spec(A). We
recall the argument of Colliot-Théléne and Sansuc (cf. [I0, Théoréme 6.13]) (at
least if A is local).

Proposition 8.5. Assume that A is local and that G is a reductive group scheme
over A. Let P be a Gjy-torsor on U. Then P-extends (uniquely) to Spec(A).

Proof. By [1l, Corollary 9.7.7.] there exists an embedding G < GL,, such that the
quotient GL,,/G is affine. Now consider the exact sequence (of cohomology sets
taken for the étale topology)

H°(U,GL,/G) > H'(U,G) — H*(U,GLy,).

As we assumed that A is local H!(U, GL,,) = {1} and thus the class of P € H'(U, G)
lies in the image of 6. But as GL,, /G is affine

H°(U,GL,/G) = H°(Spec(A),GL, /G)

by Corollary and thus the morphism § factors as desired over H!(Spec(4),G)
by naturality of the connecting morphism. [
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9. EXTENDING TORSORS TO Spec(A4g)

In this section we want to prove Theorem [I1] i.e., that torsors under parahoric
group schemes over Og on the punctured spectrum

Up = Spec(Ap) \ {s}

of Ag extend to Spec(Ag). We continue to use the notation from Section In
particular, we use the notation G/OFg for a parahoric group scheme over Op with
reductive generic fiber G/E.

From our general discussion of extending torsors and Lemma[f.I] we can conclude
that the restriction functor

{G-torsors on Spec(Ag)} — {G-torsors on U}

is fully faithful and an equivalence if G is reductive (cf. Lemma and Proposi-
tion .

For the moment let us shortly denote Ag by Ag ¢ and fix an extension C'/C of
perfect non-archimedean fields over k. Set

Ap,cr =W (Oc)&w ) Ok,
We obtain the following descent statement.

Lemma 9.1. A G-torsor P on the punctured spectrum of Spec(Ag ) extends to
Spec(Ag) if the base change of P to the punctured spectrum of Spec(Ag c) does.

Proof. By [40, Theorem 19.5.1.] the torsor P defines an exact tensor functor
w: Repp . (G) — Bun(U)

from the category Repy, (G) of representations of G on finite free Opg-modules to
the category of vector bundles on U. By Lemma [£.1]

Bun(U) = Bun(Spec(Ag.c))
and thus (by [40, Theorem 19.5.1.] again) it suffices to show that the functor
w: Repp,, (G) — Bun(Spec(Ag,c))
induced by w is exact. As the functor
Bun(U) — Bun(Spec(Ag.¢)), V + H°(U,V)
is left exact it suffices to prove right exactness of @w. Let U’ be the punctured
spectrum of Ag c. Then the diagram

oy,
Bun(U) e Bun(Spec(Ag.c)

b

Bun(U') —— i?)un(Spec(AEﬁcr)

commutes because it does when H?(U,—) resp. H°(U’,—) are replaced by their
inverses (which are restriction of vector bundles to U resp. U’). By the assumption
that the base change of P to U’ extends to Spec(Ag ¢+) we can conclude that the
composition

W®Apc Ap,c: Repp, (G) — Bun(Spec(Ag,cr))
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is exact. Let 0 = Vi — V5 — V3 — 0 be an exact sequence in Repy,,_(G) and let Q
be the cokernel of w(V2) — w(V3). It suffices to show that @ = 0. As @ is finitely
generated it suffices to show that

Q/ﬂ-Q = Q®AE,C Oc =0
by Nakayama’s lemma. But Oc — O¢- is faithfully flat and

(Q®apc Oc)®@oc Oct = (Q ®ap o Ap.cr) ®a, o Ocr =0
as we know that Q ®4, . Ag,c = 0. This finishes the proof. [l

Thus from now on we may (and do) assume that C is algebraically closed and
even maximally closed as in Section@ By [8), 4.6.20.Remarques] the base change of a
parahoric group scheme along an étale extension Og — Op is again parahoric. The
same holds for passing to the completion. Thus from now on we may further assume
that O is m-adically complete and strictly henselian, i.e. that k is algebraically
closed. Under these assumptions E is of dimension 1 (in fact C1, cf. [32]) and thus
every reductive group over E is automatically quasi-split by Steinberg’s theorem
(applied to the adjoint quotient). Moreover, the m-adic completion of Ag[l/[w]]
(for w € m¢ non-zero) will be the complete discrete valuation ring

Og = W(C’)®W(k)(9E
with algebraically closed residue field C. Hence, its fraction field
£ .= W(C)@W(k)E

will again be of dimension 1. This observation, which does not hold over Rg, will
be crucial as by Steinberg’s theorem it implies that every G-torsor on & is trivial
(cf. Theorem . As C' is algebraically closed the ring Ag is moreover strictly
henselian. Hence we can conclude that a G-torsor over U extends to Spec(Ag) if
and only if it is trivial. Let us start the question on extending torsors by clarifying
the assumption that G is parahoric and not some arbitrary affine smooth model of

G.

Proposition 9.2. The double coset space
G(Oe\G(E)/G(Ag(l/n]) = {1}

is trivial.
Proof. The argument in [25, Proposition 1.4.3. Step 3| works in our situation,
however using affine Grassmannians (or in different terminology affine flag varieties)
we can give a simpler and more conceptual argument. For this consider the affine
Grassmannian Grg of G, i.e., the (étale) sheafification of the presheaf

R G(W(R)Ow ) E)/G(W(R)©w ) Or)

on the category of perfect k-algebras. As G is parahoric the sheaf Grg is represented
by an ind-perfectly proper (strict) ind-scheme (cf. [45] (1.4.2.)] resp. [38, Corollary
1.3]). In particular it satisfies the valuative criterion for properness. Moreover, as
C and O¢ are strictly henselian

Grg(C) = G(£)/9(0O¢)

resp.

Grg(Oc) = G(Ag(l/7])/G(AR).
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The claim follows from applying the valuative criterion for properness to Grg:
Grg(C) = Grg(@c).

From Proposition [0.2] we can conclude the following useful criterion.

Corollary 9.3. Let P be a G-torsor over U. Then P extends to Spec(Ag) if and
only if the G-torsor
Py
over V. = Spec(Ag([l/7]) is trivial. Moreover, every G-torsor on U extends to
Spec(Ag) if and only if
HY(V,G) = {1}.
Proof. By Beauville-Laszlo glueing (cf. |2] resp. Lemma there is a bijection of

isomorphism classes of G-torsors P’ on U which are trivial on Spec(Ag[l/n]) and
Spec(O¢) with the double cosets

G(0e\G(E)/G(Ap(L/]).
But Og¢ is strictly henselian which implies that every G-torsor over Spec(Qg¢) is
trivial as G is smooth. With Proposition @ we can conclude the first assertion.
Let us prove the second. If
HY(V,G) = {1},

then by what we have shown so far, every G-torsor on U extends to Spec(Ag), i.e.
is trivial. Conversely, let P’ be a G-torsor on V. As the field £ is of dimension 1 the
base change of P’ to Spec(€) is trivial by Steinberg’s theorem (cf. Theorem [7.1)).
In particular, using Beauville-Laszlo again (cf. Lemma, we can extend P’ to a
G-torsor P on U. By assumption the G-torsor P extends to Spec(Ag) and is thus
trivial as we assumed that C' (and thus its residue field k') is algebraically closed.
In particular, P’ = P}y is trivial. This finishes the proof. O

We now provide an example showing that Proposition [0.2] fails in the simplest
case if G is not assumed to be parahoric.

Example 9.4. Let G = G, g be the multiplicative group and let G be the smooth
model of G over O such that G(Og) C O is the subgroup of one-units
G(Op)={a€Of | a=1mod 7}

(the group scheme G can be constructed as the dilatation of G,, 0, along the unit
section of the special fiber). Then

G(O)\G(E)/G(Ap[L/7]) # {1}.

In fact,

G(O\G(E) =2t x CX
and the image of G(Ag[1/7]) in 72 x C* is given by

™ x OF.
Thus we obtain a bijection
G(0e)\G(E)/G(Ag(L/n]) = C* /O # {1}

In particular, we can conclude that there exist G-torsors over U which do not extend
to Spec(Ag) but are trivial on V.
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The following corollary will be needed.

Corollary 9.5. Assume that G is split. Then

HY(V,G) = {1}.
Proof. Let G be the split reductive model of G over Og. By Proposition [8.5]we know
that G-torsors on U extend to Spec(Ag). Using Corollarywe can conclude. [J

Note that we can conclude that if G is split and G any parahoric model of G,
then each G-torsor on U extends to Spec(Ag).

The case G = PGL,, will be of particular use, when we discuss tori. Note
that Corollary [0.5] is wrong for the 2-dimensional regular local noetherian ring
Rg = Og[[#]] in this case.

Proposition 9.6. Let T be a torus over E. Then
HYV,T)=0

and the torsion subgroup

H*(V,T)gor = 0
of H*(V,T) is trivial. In particular (cf. Corollary , every T°-torsor over U
under the unique parahoric model T° of T is trivial.

Proof. Let E be a separable closure of E and consider the spectral sequence
Ey! = H'(Gal(E/E), H (Vg T5)) = H™(V.T)
with -
Vf =V X Spec(E) Spec(E).
Let E’ over E be a finite separable extension such that the base change Tg: of T
splits. Then by Corollary (or Corollary
H' (Vg Tp) =0,

where
VE/ =V XSpeC(E) Spec(E').
Passing to the limit over finite separable extensions E’ of E we can deduce
H'(Vg,Tg) = 0.

from Corollary (or Corollary as for some E’/E finite the torus Tr will be
split. As F is of cohomologial dimension 1 (thus of strict cohomological dimension
< 2, cf. [41l, Chapitre I. Proposition 3.2.13]) we get

H'(Gal(E/E), H (V&,T5)) = 0
for ¢ > 3 and that the group
H2(Gal(B/E), H'(Veg, T5))
is divisible. To see the second claim, set
M = H(Vz, T).
Then for n € Z \ {0} the exact sequences
0— Mn]—-M— M/Mn|]—0

and
0— M/Mn] —-M— M/nM — 0
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with M[n] € M denoting the n-torsion submodule of M furnish that multiplication
by n is a surjection on
H*(Gal(E/E), M)
as it factors through surjections
H?*(Gal(E/E), M) = H*(Gal(E/E), M/M]|n]) - H*(Gal(E/E), M).
The above spectral sequence thus yields a (split) short exact sequence
0 — H*(Gal(E/E),M) — H*(V,T) — H*(Gal(E/E), H*(V,T%)) — 0.
Assuming that H?(Vi, T) has only trivial torsion, we can derive that there is an
isomorphism
H(Gal(E/E), M) = HX(V,T)or
on torsion parts, in particular that H2(V, T )., is divisible. Let E’/E be a finite
separable extension splitting 7. Then the inclusion resp. the norm
T — ResEz/E(Gm) s RGSE//E(Gm) —T

compose to multiplication by [E’ : E] on T. If H?(Spec(Ag/[1/7]), Gn)tor = 0, then
we can conclude (using Shapiro’s isomorphism) that H?(V, T, is annihilated by
[E' : E]. Being also divisible this implies
H*(V,T)tor =0

as desired. Hence, it suffices to prove that the torsion part

HQ(VE’a Gm)tor =0
vanishes for every separable algebraic extension E'/E. Passing to the limit, we
may assume that E’/E is a finite separable extension. As Vg = Spec(Ag/[1/7])
is affine we can apply Gabber’s theorem (cf. [21] or [34, Corollary 3.1.4.2.]|Z[) and
conclude that each class

a € HQ(VEH Gm)tor
is represented by some Azumaya algebra, i.e., there exists some n such that « lies
in the image of

H'(Vg,PGL,) — H*(Ve:,Gp).
Now we can apply Proposition 8.5 to get that
H'(Vg:,PGL,) = {1}

is trivial, which implies &« = 0. The proof of the statement for H? is now finished
and we turn to show
HYV,T)=0
for every torus T/E. If T = Resg//g(G,y,) is an induced torus, then
HY(V,T) = H'(V&,G,,) =0

by Corollary[4.2] In general, let T’ be an arbitrary torus and chose an exact sequence

(e

0—=T' =T =T —=0

of tori with 7 induced. Then there exists a morphism 3: T' — T such that aoff = n
is multiplication by some non-zero n € Z. In particular, the group

H\(V,T)

7using noetherian approximation for the general case
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is torsion as H*(V,T') = 0. Using that the torsion in
H2(V,T")
vanishes we can thus conclude H*(V,T) = 0 from the exact sequence
0=H"V,T") = H'(V,T) - H*(V,T").

We record the following vanishing result for multiplicative coefficients.

Lemma 9.7. For every finite multiplicative group scheme D/E (cf. [I7]) the second
flat cohomology group

H(V,D) = 0
vanishes.

Proof. We may choose a short exact sequence (for the flat topology)
0—-D—=T—T —0

of multiplicative group schemes with T and 7" tori over E. Then the statement
follows from Proposition [9.6] by taking the associated long exact sequence in coho-
mology. O

We record the following corollary of Proposition [0.6]

Lemma 9.8. Let 1 - H — G' — G — 1 be a central extension of two (connected)
reductive groups G' resp. G over E. Then

H'V,G") =1« H (V,G) = 1.

Proof. Let G be the adjoint quotient of G. Then G is also the adjoint quotient
of G'. Argueing for the pairs (G, G*!) resp. (G’,G*?) with the respective central
extensions reduces to the case that G is adjoint. Let H° C H be the connected
component of the identity. By Proposition [0.6]
HY(V,G)
vanishes if and only if
H'(V,G'/H")

(noting that the image of the connecting morphism

HY(V,G'/H®) — H*(V,H®)
lands inside the torsion subgroup as each G’/H°-torsor on Ag is trivial after base
change along some finite extension of F). Hence we may assume that H° = {1} is
trivial and thus that H is finite. By Lemma the group H?(Spec(Ag(1/x)), H)
vanishes. Hence,

H*(Spec(Ag[1/7]),G") = {1}
implies

H'(Spec(Ag(1/7]),G) = {1}.
Assume conversely that H'(Spec(Ag[1/7]),G) = {1}, then it suffices to see that
the morphism

H*'(Spec(Ag[1/x)), H) — H'(Spec(Ag[1/7]),G")

is trivial. But the embedding H — G’ factors through some maximal torus T' C G’
and H'(Spec(Ag[1/n]),T) = {1} by Proposition This finishes the proof. [
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We can now turn to our main theorem about extending torsors on the punctured
spectrum of Ag.

We start by establishing the following criterion for extending a torsor to Spec(Ag),
which is more precise than Corollary

Lemma 9.9. Let P be a G-torsor on U. Then P extends to Spec(Ag) if the
restriction Pyy,,.. of P to the crystalline part Uerys C U s trivial (cf. Section @)

Proof. Note that G is quasi-split by our assumption that k is algebraically closed.By
Corollary @ it suffices to prove that Py is trivial. Let

TCBCG
be a maximal torus and a Borel. As it is trivial the torsor

P,

crys

admits a reduction to B over Ug,ys. By Lemmaand Corollaryfor s € V\Uarys
the local ring
OV,S
is a discrete valuation ring. Hence by properness of the quotient P}y /B over E and
the valuative criterion for properness the torsor Pj; admits a reduction
P’ e H'(V,B)

to B over the whole of V. In other words, there exists a B-torsor P’ over V such
that

P xP G = P|V.
Let rad(B) C B be the unipotent radical of B and consider the natural map

HY(V,B) 2y H'(V, B/rad(B)).

The fiber ®~1(®(P’)) containing P’ € H'(V, B) can naturally be identified with
the set
Hl(‘/a rad(B)P/)v
where
rad(B)p: := (rad(B) Xgpec(r) V) xBp’

is a twisted form of the constant group scheme rad(B) Xgpec(z) V over V. Here
B acts on rad(B) via conjugation. As rad(B) admits a canonical, i.e., B-stable,
filtration whose graded pieces are vector spaces over E (with B acting linearly)
the unipotent group scheme rad(B)p: over V admits a filtration with graded pieces
vector bundles over V. As V is affine the (étale) cohomology with coefficients in
quasi-coherent sheaves, in particular vector bundles, vanishes and therefore

Y (V,rad(B)p) = {1}
as well. In particular, the map ® is injective. By Proposition [0.6] the pointed set
(V. B/rad(B)) = H'(V,T) = {1}

is trivial and by injectivity of ® we can conclude that P’, hence Py, is trivial.
Thus we the proof is finished. . O

Now we can prove our main theorem for Ag, cf. Theorem

Theorem 9.10. Let G be a parahoric group scheme over Og. Then every G-torsor
over the punctured spectrum U = Spec(Ag)\{s} C Spec(Ag) extends to Spec(Ag).
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Proof. Let G := G ®p,, E, and set as before

V' := Spec(Ag([1/x]),

UCI’yS = SpeC(AEvpcrys)'
By Lemma [9.9]it suffices to show that the map
HY(V,G) = H (Uerys, G)
is trivial, or equivalently that H'(V,G) = 0. By Lemma we are free to replace
G by a central extension. In particular, we may assume that the derived subgroup
G4 of G is simply connected and G' = G4°* x G/G9**. By Proposition we can
then reduce to the case that G is semisimple (and simply connected). Then G is
Weil restriction and after replacing F by a suitable finite extension we can then
assume that G is the product of (quasi-split) simple, simply connected groups. As
a quasi-split group of type Ey is automatically split, we may by Corollary then
assume that G is quasi-split, simple and not of type Eg. Let
Ag

be the Og-algebra introduced in Section @ Set

V := Spec(Ag[1/x]).
By Lemma [6.3] the canonical morphism

HY\(V,G) — HY(V,G)
is a bijection. Let R ~
Ucrys cv

be the “crystalline” part of V, cf. Lemma By Lemma

Ucrys c Ucrys X7 ‘/7

and R ~
Ucrys = SpeC(AEvﬁcrys)

is the spectrum of a valuation ring (with fraction field Kz = Frac(Ag)). It suffices
to show that each G-torsor P on Ugys is trivial. By Theorem Proposition
and our reductions on G, all assumptions for [I5, Théoréme 4| are met and we can
conclude that the torsor ~
is trivial. As ~

AB bery
is a valuation ring and G quasi-split, we can then (similar to the proof of Lemma
conclude that P admits a reduction to a maximal torus T of G (defined over E).
Thus, we may replace G by T. Note that T is an induced torus over F as we
assumed that G is simply connected. Thus,

T= H ReSEi/EGm
i=1

for some finite separable extensions F; of E. We then get that
H'(Uerys, T) =0
because the rings

Agj,,,. ®8 Bi = Ag

iPerys
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for ¢ =1,...,n are local. This finishes the proof of our main theorem. O

For clarity, let us highlight at several steps in the proof of Theorem which
features of the rings A £, Ap we used. Roughly, arguments related to the “crystalline
part” had to be carried out over Ay, while arguments related to the “non-crystalline”
part over Agp. More precisely, in Proposition we used the (Witt vector) affine
Grassmannian and it is not clear whether this results holds over Ap. Unfortunately,
the results of Fargues-Fontaine, which are used in Section [3] are not known over
Ap. In particular, we don’t know a concrete description of the “non-crystalline”
part of Spec(Ag) and thus cannot circumvent a statement like Lemma [9.9) which
argues on Ag. However, for proving triviality on the crystalline part, we have to
use Ag, because only there we can prove the generic triviality of torsors. Namely,
we don’t know if the fraction field of Ky has cohomological dimension < 2, cf.
Theorem [6.6

10. EXTENDING TORSORS TO Spec(REg)

We now turn to the question of extending torsors on the punctured spectrum
of (some) regular 2-dimensional local noetherian rings. We continue to use the
notation from Section[2] Thus E denotes a complete discretely valued field, Op its
ring of integers, etc. Furthermore we let Rg be given by

RE = OE[[Z]]
We again denote by
s := Sp, € Spec(REg)
the unique closed point and by
U :=Ug,, := Spec(Rg) \ {s}
its complement. Moreover, set
V := Vg, := Spec(Rg[1/7]).

If confusion with our previous notation for Ag from Section [2| may be possible we
will add subscripts. First of all let us recall the well-known fact that vector bundles
on U extend uniquely to Spec(Rg).

Lemma 10.1. For vector bundles the restriction functor
Bun(Spec(Rg)) — Bun(U)
is an equivalence.

Proof. Fully faithfullness follows from H°(U,Oy) = Rp which is implied by nor-
mality of Rg. Conversely let V be a vector bundle on U and let M := H°(U, V).
It is enough to prove that M is finite projective over Rg as then the vector bundle
over Spec(Rpg) associated with M will extend V. By the Auslander-Buchsbaum
formula
pd(M) + depth(M) =2

where pd(M) and depth(M) are the projective dimension and depth of M. Hence,
it suffices to proof depth(M) = 2. For this it suffices to proof that M /x is torsion-
free over Rg /7. But applying cohomology to the exact sequence

0=VSV-V/r—0
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we see that M /7 embeds into H°(U,V/m) which is torsionfree over Rp /7 as V/7
is a vector bundle on Spec(Rg/m) N U = Spec(Frac(Rg/)). O

Hence, we can apply our general results from Section [8] in particular Lemma[8:3]
For this let us define a morphism of Og-algebras

f: Rgp — Ag.

Namely, let w € m¢ \ {0} be an arbitrary element and define f by
f(z) == [=].

Lemma 10.2. The morphism f: Ry — Ag is faithfully flat.

Proof. The proof in [3, Lemma 4.30] works in this situation as well. |

Thus we are able to apply Lemma to obtain our main result for Rg, cf.
Corollary [T:2]

Proposition 10.3. For every parahoric group scheme G over O a G-torsor P on
U extends to Spec(REg).

Proof. The statement follows by descent (cf. Lemma and Lemma from
our main theorem Theorem [3.10] over Ag. O

This result extends |26, Proposition 1.4.3.] to complete generality.

11. v-LOCAL TRIVIALITY FOR PERFECT RINGS

We keep the notations from Section In particular, k is a perfect field of
char(k) = p > 0, and let G/E a reductive group. In this section we want to prove
Theorem by deducing it from our main theorem Theorem

We start with some lemmata. Let Alggerf denote the category of perfect k-
algebras For each R € Alggerf we set

A(R) := Ap(R)[1/x] := W(R)®w 1Ok,

ie., Ap(R) = Op Qw ) W(R) if char(E) =0, or Ap = R((m)) if E = k((r)).
We define the functor

Fo: Algh™ — (Sets), R — H'(Spec(A(R)[1/7])s:, G).

Lemma 11.1. The functor Fg: Algb™ — (Sets) commutes with filtered colimits
and finite products.

Proof. The case of finite products is clear. Let R = li_n;Ri be a filtered colimit in
iel
Algh*™f. Then

A(R) = lim A(R,)
icl
is m-torsion free, henselian along (7), and has the perfect ring R as a quotient
modulo (7). Hence, its m-completion is A(R). By [I4, Theorem 5.8.14] we obtain

—_—

Fo(R) = H' (Spec(A(R)[1/7))ét, G) = H*(Spec(A(R)[1/7])et, G).

8We don’t use “Perf 1" as the latter is sometimes used for the category of perfectoid spaces
over Spa(k).
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Using that G is affine and smooth, the last term identifies with
lim Fe (R;)
iel
and we can conclude. O

In the following we will use the v-and arc-topology on Algl,zerf, which were intro-

duced in [5] and [4].

We recall that a normal integral domain R (e.g., a valuation ring) is absolutely
integrally closed, i.e., each monic monomial in R[z] has a solution in R, if and only
if its fraction field is algebraically closed, cf. [4, Definition 3.22]. Clearly, every
absolutely integrally closed, local ring is henselian, e.g., this applies to valuation
rings with algebraically closed fraction field.

Lemma 11.2. For each R € Alggerf exists a v-cover R — R’ with R’ a product of
absolutely integrally closed valuation rings.

Proof. This is [5, Lemma 6.2.] resp. [4, Lemma 3.24]. |

A valuation ring R is microbial if it possesses a prime of height 1, or equivalently
a pseudo-uniformizer, i.e., a non-zero topologically nilpotent element.

Lemma 11.3. Let R be a microbial absolutely integrally closed valuation ring, and
P be a G-torsor on A(R)[1/w]. Then P is trivial if and only if its base change to
A(RN[1/x] is trivial for some v-cover R — R’ of R.

We will in fact prove in Proposition that each G-torsor on P on A(R)[1/7]
is trivial in this case.

Proof. The “only if” part is clear. For the converse note that by [24, Theorem 2.7]
vector bundles on

U := Spec(A(R)) \ V (r, [=]),

where @w € R is a pseudo-uniformizer, are equivalent to vector bundles on Spec(A(R)).
Moreover, the ring A(R) is strictly henselian as it is m-adically complete and R is.
These facts imply that Lemma Proposition and Corollary (9.3 hold true for
R (we only used that O is an absolutely closed valuation ring there). In particular,
we can conclude that a G-torsor on A(R)[1/] is trivial if and only if it extends to
a G-torsor on U (for some parahoric model G of G over Og), and the latter prop-
erty can be checked after some faithfully flat extension of R — R’ of absolutely
integrally closed valuation rings. But each v-cover of R can be dominanted by such
an extension. This finishes the proof. O

We set
Fa
as the (2-)functor sending R € Alggerf to the groupoid of G-torsors on A(R)[1/7].

Lemma 11.4. The (2-)functor Fq is a stack for the arc-topology, in particular for

any valuation ring R € Algierf, and any prime ideal p with residue field k(p) the

9We thank Ian Gleason for mentioning this to us.



EXTENDING TORSORS ON THE PUNCTURED Spec(Ains) 35

diagram

Fa(R) ——= Fa(R/p)

L

Fa(Ry) — Fa(k(p))
is (homotopy) cartesian.

Proof. By |23| Proposition 5.10] the (2-)functor sending R € Alg}zerf to the category
of vector bundles on Spec(A(R)[1/7]) is a stack for the arc-topology. In particular,
we get the claim for GL,,,n > 1. To pass from the case of GL,, to general G we use
the Tannkian description of G-torsors on A(R)[1/7]) as exact tensor functors

Repg(G) — Bun(A(R)[1/7]).
Let R — R’ be an arc-cover. It suffices to see that a sequence
0—> M — My — M3z —0

of finite projective A(R)[1/7] is exact if and only if its base change to A(R’)[1/7]
is. The “only if” direction is clear. Thus, assume exactness of the base change to
A(R')[1/x]. Then the claim follows as all maximal ideals in A(R)[1/7] lie in the
image of
Spec(A(R')[1/7]) — Spec(A(R)[1/x]),

cf. |23, Corollary 5.6]. Namely, let @ be the cokernel of My — Ms. Then Q =0 as
it is finitely generated and vanishes at each maximal ideal of A(R)[1/7] (because
this happens over A(R')[1/n] and the aforementioned surjectivity). In particular,
we can write My = M3 & Ms for some finite projective A(R)[1/7]-module M. Then
continue the argument with the cokernel @’ of the composition My — My — M}
etc. This finishes the proof that Fg is an arc-sheaf. The assertion on valuation rings
follows then from [4, Corollary 2.9] resp. the argument of [4, Proposition 4.2]. O

In the case of products of absolutely integrally closed valuation rings, we can
now prove a stronger statement than Theorem [T1.6]

Proposition 11.5. Let R = [[ R; € Alggelrf be a product of absolutely integrally
iel

closed valuation rings. Then each G-torsor on A(R)[1/7] is trivial.

Proof. The reduction in [23] Section 6.1.1.] works for G-torsors as well, thus we
may assume that R = R; is a valuation ring. We can then write R as a filtered
colimit of absolutely integrally closed valuation rings of finite rings. Indeed, it is
clear that R is a filtered colimit of valuation rings of finite rank. But the rank does
not change under passage to an extension in an algebraic closure of the fraction
field. Using Lemma we are thus reduced to the case that R is of finite rank,
and in particular microbial. We now argue via induction on the rank, the case of
rank 0 following from Steinberg’s theorem, Theorem [7.1] By Lemma [I1.3]it suffices
to check triviality v-locally on R. In particular, by Theorem the case that R
is of rank 1 is settled by passage to the completion. Thus, we may assume that R
is of finite rank > 2. By Lemma it now suffices to show that for the height 1
prime ideal p C R the homotopy pullback

Fa(Rp) X rok(p) Fa(R/p)
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is connected, i.e., this groupoid has one isomorphism class. The induction and the
rank 1 case imply that each of the groupoids

Fa(Ry), Fa(k(p)), Fa(R/p)
has one isomorphism class. The morphism
Ry — k(p)
has a section, which implies that the morphism
A(R)[1/7] — A(k(p))[1/m]

has a section, too (though not as A(R)[1/x])-algebras, only as E-algebras). We can
conclude that the morphism

G(AR)[1/m]) — G(A(k(p))[1/7])
is surjective, which implies the desired connectedness. This finishes the proof. [

We can now prove our main theorem in this section.

Theorem 11.6. Let R be a perfect k-algebra. For each G-torsor P on A(R)[1/7]
there exists a v-cover R — R’ such that P is trivial after base change to A(R’)[1/7].

Proof. This follows from Lemma and Proposition [11.5] O

For a scheme X over E let
LX: Algt*™ — (Sets), R+ X(A(R)[1/7])
be its loop functor. If X is quasi-projective, then LX is an arc-sheaf by [23, Theorem
5.1]. We can record the following corollary, which generalizes [23, Corollary 6.4] to
complete generality.
Corollary 11.7. Let P C G be a parabolic subgroup. Then the sequence
1—-LP— LG — L(G/P)—1

of arc-sheaves is exact in the v-topology.

Proof. Left-exactness is clear and right exactness follows from Corollary[11.7] Namely,

for any R € Algierf we have an exact sequence

1 — LP(R) = LG(R) — L(G/P)(R) — H"(Spec(A(R)[1/7])s, P)
of pointed sets and by affineness of Spec(A(R)[1/7])
H' (Spec(A(R)[1/x])ét, P) = H' (Spec(A(R)[1/7])er, M),

where M = P/Rad, P is the Levi quotient of P, cf. the proof of Lemma Now,
it suffices to apply Theorem [T1.6] to M. O

Let us now assume that E has finite residue field k = F,. Because G is defined
over E, the g-Frobenius on perfect k-algebras induces an isomorphism ¢ of the
loop group LG. The stack Isocg of G-isocrystals on Alggerf associates to each

R € Alg>™ the groupoid of pairs (P, op), where P is a G-torsor on A(R)[1/7] and
op:o"P =P,

cf. [37], 46, Section 4.5]. By Theorem we can prove the following group
theoretic description of Isocg.
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Corollary 11.8. The natural morphism
LG/Ad, LG — Isocg, g — (G, go),
where LG acts via o-conjugation on LG, is an equivalence of v-stacks.

Proof. The crucial point is essential surjectivity, which follows from Theorem [T1.6}
([

12. A SPECIALIZATION MAP BETWEEN MIXED-CHARACTERISTIC AFFINE
(GRASSMANNIANS

Let k be an algebraically closed field of char p > 0 and let C/W(k)[1/p] be
an algebraically closed, non-archimedean field with residue field &’. After possibly
enlarging k we may without losing generality assume k& = k’. In this section we
want to use Theorem to concoct for a parahoric group scheme G over W (k) a
canonical specialization map

sp: Groan(C) = GrlY (k)

between the mixed characteristic affine Grassmannians GrgB;rR and Grg/ . The ex-
istence of the specialization map is motivated by results of Richarz [38, Theorem
1.19] and the definition of a mixed-characteristic Beilinson-Drinfeld Grassmannian
[40, Definition 20.3.1.]. In fact, using Theorem it is in fact possible to prove
that the mixed-characteristic Beilinson-Drinfeld Grassmannian is ind-proper (cf.
[40, Section 21.2]).

Let us recall the definition of both affine Grassmannians (we content ourselves
with their k& resp. C-valued points We will denote by C” the tilt of C. By
definition (cf. [45] or [5]) the k-valued points of the Witt vector affine Grassmannian
for G (or better Witt vector affine flag variety) are pairs

(P,a)

with P a G-torsor on Spec(W (k)) and « a trivialization of Pispec(w (k)1/p])- On the
other hand, the C-valued points of the Bjx-affine Grassmannian (cf. [40, Definition
19.1.1]) are pairs

(P',af)
with P’ a G-torsor on Spec(Bj;(C)) and o a trivialization of Pispec(Bar(C)- We
note that, as Bj contains an algebraic closure W (k)[1/p] of W (k)[1/p], a G-torsor
over Spec(B1, (C)) is just a torsor under the split reductive geometric generic fiber

Stz °f 9
Now, let us construct the specialization map

+
sp: GrgdR (C) — Gty (k).
+
Let (P',a/) € Grng(C) be given. The kernel of Fontaine’s map
0: Ainf = W(ch) — Oc
is generated by a non-zero divisor £. In fact, we may simply take & of the form
{=p—[=]

10For the precise geometric structure as a v-sheaf we confer to [40}, Section 20.3].
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for a suitable w € mg,. The £-adic completion of Ajue[l/p] is by definition
Fontaine’s ring

Bi;.
Using the Beauville-Laszlo gluing lemma (cf. [2]) and the given data (P’, /) we can
modify the trivial G-torsor Py on

Spec(Aint) \ {s}

at the point co € Spec(Ajnr) \ {s} defined by ¢ (cf. Lemma [3.1). Thus we obtain
canonically a G-torsor P; over Spec(Ainr) \ {s} with an isomorphism

P1ispec( A\ (5,00} = Po|Spec( A\ {s,00}

In particular, the torsor P; is trivial when restricted to the crystalline part Ucys C

Spec(Aint) (cf. Lemma [3.1). By Theorem (or the weaker version Lemma
the G-torsor P; extends uniquely to a G-torsor P2 on Spec(Aj,s). In particular, we

still have a canonical trivialization

Palspec(Aime)\{s,00} = P1ispec(Aine)\ {5,000 = PolSpec(Ainn)\{s,00}
of Py on Spec(Aint) \ {s,00}. Now set

P :=Pa|gpec(w (k)

as the restriction of Py along the canonical morphism A;,y — W (k) and « as the
canonical trivialization

Pispecw (0)(1/p] = P2ispec(w (i)[1/5] = Polspec(w (k)[1/5]-
The data (P, «) defines a k-valued point in the Witt vector affine Grassmannian
and we set
sp(P',d/) := (P, a).
This finishes the construction of sp. In a more compact form, the specialization
map is given as the chain of equivalences and maps
G(Bar(C))/G(Br(C))
= {(G — torsor P on Spec(Aint) \ {5}, « a trivialization of P|spec(a,. 1/¢)))}
= {(G — torsor P on Spec(Aint), a a trivialization of Pigpec(a,.c[1/¢)))}
— {(G — torsor P on Spec(W (k)), o a trivialization of P|spec(w (k)[1/p]))}
= G(W(k)[1/p])/G(W(K)).

Here the first and last &’s are the description of the affine Grassmannian via torsors
(using Beauville-Laszlo, Lemma for the first), the second equivalence is deduced
from Theorem (and Proposition and the arrow — is simply base change
along Ay — W(k) (which maps the ideal (£) to the ideal (p)).

Using this description it follows that the specialization map

sp: G(Bar(C))/G(B{r(C)) = G(W (k)[1/p])/G(W (k)

is equivariant for the action of the subgroup G(Aine[1/€]) € G(Bar(C)) on the
trivialization a of Pigpec(a,¢[1/¢))- For tori we can provide a different description of
sp. Let T be a parahoric group scheme over W (k) such that

T:= Tspecw (0)(1/5]
is a torus. Then there are canonical bijections
BT

Grlan(0) = X,(T)
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(by observing that B (C) is abstractly isomorphic to C[[¢]]) and

Grl¥ (k) = X, (T)r
where I' is the absolute Galois group of W (k)[1/p] (cf. [45] Proposition 1.21.]).
Lemma 12.1. For T as above the diagram

sp

+
Gryn (0) 2> GrlY (k)

-

X,(T) —2 e X, (T);
with can: X, (T) — X, (T)r the canonical projection commutes.

Proof. We first handle the case T' = G,,, (which implies T = G,,). Then X,.(T) =< Z

and j € Z is mapped to the class of &7 € Gr?IR'(C). This class corresponds to the
trivial line bundle £ on Spec(Ains) \ {s} with trivialization & on Spec(Ains[1/£]).
The line bundle £ extends canonically to the trivial line bundle, again denoted
L, on Spec(Aint). Hence, the specialization map sends &7 to the class in Gr7m—/ (k)
corresponding to the pair

(W(k) = L @4, W(k), & W(k)[1/p] = W (k)[1/p]).

But & = p?, which shows the claim for T = G,,. As in [38, Lemma 1.21] we can
use this to deal with the case that T is induced by using that X, (T")r is torsionfree
in such cases. In the general case, choose a surjection

T =T
with 7" induced and connected kernel T". As
BT BT
Gr 7 (C) = Grp®(0)

is surjective (by Steinberg’s theorem as T is connected, cf. Theorem [7.1)) the
general case follows then from naturality of the specialization map. O

We want to mention that Gleason studied specialization maps for v-sheaves much
more thoroughly, cf. [16].
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