v-VECTOR BUNDLES ON p-ADIC FIELDS AND SEN THEORY VIA THE
HODGE-TATE STACK
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ABsTrACT. We describe the category of continuous semilinear representations and their coho-
mology for the Galois group of a p-adic field K with coefficients in a completed algebraic closure
via vector bundles on the Hodge-Tate locus of the Cartier-Witt stack. This also gives a new
perspective on classical Sen theory; for example it explains the appearance of an analogue of
Colmez’ period ring Bgey in a geometric way.
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1. INTRODUCTION

Let K be a p-adic field, i.e., a mixed characteristic (0,p) complete discretely valued field with

perfect residue field. Let C = K be the p-adic completion of an algebraic closure of K. The
field C' comes equipped with a continuous action of the Galois group G := Gal(K/K) of K.
Let Rep(Gk) be the category of semilinear continuous G k-representations on finite dimensional
C-vector spaces. The goal of this article is to give a new answer to the following classical question:

Question 1.1. How can we describe the category Reps(Gr) in terms of linear algebraic data?

Our first main result is a new description of this category in terms of the Hodge-Tate locus in
the Cartier—Witt stack of Bhatt—Lurie (notations to be explained below):

Theorem 1.2. There is a natural equivalence of categories
Repo(Gr) — 2- lim Vec([Spf(Or)™" /Gal(L/K)])[5]
L/K
where L|K ranges through finite Galois extensions of K in C and Vec is the category of vector
bundles on the stack quotient [Spf(Or)HT /Gal(L/K)].

1.1. The perspective of Sen theory. In order to motivate theorem[I.2]and explain its relevance,
let us first recall that the first approach to answer question [1.1]is provided by Sen theory: Let K
be the (uncompleted) cyclotomic Z,-extension of K. Sen ([Sen80]) constructs a functor

S Repa(Gr) — { finite dim. K.-vector spaces W }

with an endomorphism 6 : W — W
1
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This functor is not full, but on a certain full sub-category of “small” C-representations, it factors
through a fully faithful functor Sy into Sen modules over K, which is the category of pairs (M, 8),
where M is a finite dimensional K-vector space and 6 : M — M an endomorphism. As any object
in Rep(Gk) is in the domain of this functor after passing to a finite subextension K C K,, C Ko,
this defines the functor S in the limit over n. One might try to descend this construction back
from K, to K, but it is not true that the functor preserves Galois descent data: the dependence
on the embedding K C C causes a subtle issue with functoriality of the construction.

Regarding essential surjectivity, if one tries to go into the other direction, from Sen modules to
Galois representations, one can send a pair (M, 6) to the Galois representation on V = M @k C
with o € Gk acting via

o(m @ c) = exp(log(x()) - 0) - m @ o(c)
(x is the cyclotomic character) assuming that the series defining exp(log(x(o) - 8) converges for all
0 € Gx. This defines a fully faithful functor from Sen modules satisfying this convergence condition
to Rep(G k), which is a partial inverse to Sy. But this does not capture all Sen modules.

When the residue field k of K is algebraically closed, Sen shows that it is still possible to extend
Sy to an equivalence

Repe(Gr) = {Sen modules}.

However, this equivalence is highly non-canonical as it depends on additional choices. For general
K, (i.e. when k is not algebraically closed, e.g. finite) the situation is even more subtle: one cannot
expect even to have a fully faithful functor from Rep, (G ) to Sen modules, as there are semilinear
continuous C-representations V' of G for which End(V) is a non-commutative division algebra
(see [Sen80, Remark after Theorem 10| or [Fon04, Remarque 2 after Théoréme 2.14]), but the
endomorphism algebra End(M, 6) of a Sen module can never be of this form. But even in special
cases where such a functor exists, one cannot expect to describe the essential image in a simple
linear-algebraic way: for example, such a functor exists in the much simpler case of rank one,
but we will show in theorem that it identifies the group of isomorphism classes of continuous
semi-linear characters G — C* with the kernel of a certain canonical surjection K — Br(K)[p>].

In summary, S allows us to characterise C-representations up to passage to a finite extension of
K, or subject to a convergence condition, but in general does not describe the category Rep. (G k).
It therefore stops short of giving a complete answer to question Indeed, the relation between
C-linear representations and Sen modules is not as simple as it may seem at first sight.

1.2. The perspective of the p-adic Simpson correspondence. To put the problem in per-
spective and analyze this issue, it is useful to recast the above setup in the much more general
framework of p-adic non-abelian Hodge theory. Let X be an adic space over Spa(Q),). The v-site of
X is the category of all perfectoid spaces S over X endowed with Scholze’s v-topology (generated
by surjective morphisms between affinoid perfectoid spaces over X). It has a structure sheaf O,
sending S to Og(S). The category of v-vector bundles Vec(X,, Q) is defined as the category of
finite locally free sheaves of O-modules on X,,. If X = Spa(K), then the choice of K C C induces
an equivalence Vec(X,,0) = Reps(Gk) to the category studied by Sen theory. In particular,
question can be recast as asking about the category of v-vector bundles on Spa(K).

If instead X is smooth over a complete algebraically closed extension L of Q,, then Vec(X,, O) is
canonically equivalent to the category of generalized representations on X introduced by Faltings.
It is a much richer category than the category of analytic vector bundles on X (which, in the
example X = Spa(K) is nothing but the category of finite dimensional K-vector spaces). In
general, p-adic non-abelian Hodge theory seeks to describe the category Vec(X,, Q) in terms of
Higgs bundles: let X be a smooth rigid space over a complete algebraically closed non-archimedean
extension L of Q,. Then a Higgs bundle is a pair (£,6), where £ is an analytic vector bundle on X
and 6 : £ — € ®o, Q4 (—1) is an Ox-linear map such that § A § = 0. In this setting, an instance
of such a non-abelian Hodge correspondence is the “local p-adic Simpson correspondence”, due
to Faltings [Fal05] and studied further by Abbes—Gros—Tsuji [AGT16] and Wang [Wan21| among
others: suppose that X admits an étale map (a toric chart)

c: X = T% = Spa(L(TE, ... TEY)
to the n-dimensional rigid torus over L for some n > 1. Then any such chart induces an equivalence
LS. : {small v-vector bundles} = {small Higgs bundles}.

Here smallness is a technical condition which means that the considered v-vector bundle or Higgs
bundles are p-adically close to the unit object. Towards the goal of describing v-vector bundles on
X, the local p-adic Simpson correspondence has two serious drawbacks. First, it only relates small
objects on both sides. As any smooth rigid space over L admits a toric chart étale-locally, and
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any v-vector bundle or Higgs bundle becomes small étale-locally, one might try to get rid of this
smallness assumption (and of the condition on X) by an appropriate gluing procedure. However,
and this is the second issue, the equivalence of categories is not functorial in X, but only in the
pair (X, ¢) formed by X and the choice of a toric chart ¢. In fact, it is not true that one always
has an equivalence between all v-vector bundles and all Higgs bundles on any smooth rigid space
X over L (this fails already for the 2-dimensional unit ball, cf. [Heu22l §6]).

Formulated in this way, this approach to describing v-vector bundles on smooth X over L is
entirely parallel to the arithmetic situation of X = Spa(K) in terms of Sen theory, with Higgs
bundles (resp. small Higgs bundles) playing the role of Sen modules (resp. Sen modules satisfying
the above convergence condition)ﬂ In both cases, the statement in the “small” case is not functorial
enough (it is only so after fixing a toric chart, or an embedding K — C) to be globalized for the
étale topology, and thus a complete description of v-vector bundles on X via étale data is missing.

1.3. A new perspective via the Hodge—Tate stack. The starting point of this article is the
idea that the recent introduction of ring stacks in p-adic Hodge theory by Drinfeld [Dri20] and
Bhatt-Lurie [BL22a], [BL22b] will help finding a more canonical formulation of such results and
thereby shed new light on the (as yet still mostly conjectural) p-adic Simpson correspondence. The
goal of this paper is to realize this concretely in the case X = Spa(K). Although this is quite a
simple situation, it is already very much non-trivial as evidenced by the various subtleties of Sen
theory, and we find it interesting that many features are already visible in this case. We regard
this as a proof-of-concept for the general case.

Let us make this strategy precise in the case of interest. We will only need a small part of
the work of Drinfeld and Bhatt-Lurie; we use the notations of [BL22al]. To any p-complete ring
R, Bhatt-Lurie attach an fpqc stack Spf(R)"™, the Hodge—Tate stack of Spf(R), on the category
of (commutative) rings in which p is nilpotent, with the property that, for R quasi-syntomic,
the category D(Spf(R)HT) of quasicoherent complexes on Spf(R)HT is naturally equivalent to the
derived category of crystals of @ -modules on the (absolute) prismatic site of Spf (R) If Ris
perfectoid, Spf(R)H7 is canonically isomorphic to Spf(R). This applies for example to R = O¢. As
a consequence of this isomorphism, the natural morphism Spf(O¢) — Spf(Ok) lifts to a Galois-
equivariant morphism

Spf(O¢) — Spf(Ok)HT.
Therefore, we obtain by pullback a canonical functor
a s Perf(Spt(Ox)"™)[L] — Perf(Spa(K),)

from the isogeny category of the category of perfect complexes on the Hodge-Tate stack of Spf(Ox)
towards v-perfect complexes on Spa(K).
On the other hand, any choice of a uniformizer m of K induces a Breuil-Kisin prism which
induces a map
pr : Spf(Ox) — Spf(O )™

that Bhatt—Lurie show is a faithfully flat torsor under a certain group G,. Considering the tangent
action induces on the pullback of any module along p, a natural endomorphism ©,. This defines
a functor

By : Perf(Spf(Ox)T) — Perf(Ox[0)).

The basic idea of our approach to non-abelian Hodge theory via the Cartier—Witt stack is now
to study the diagram

Perf(Spf(Ox)™)

(a}/ &
Perf(Spa(K),) Sen » Perf(Ok[0)])

in which we note that the left map is completely canonical, whereas the right map depends on
7 even though neither the target nor source category do. Roughly, the idea is now that taking

1To make the analogy even more apparent, note that if v, : )?; — _3—(; is the natural morphism of topoi, then for
X smooth over L, Scholze proved in [Sch13] that there is an isomorphism R!'v,O = Q% (—1) , while for X = Spa(K)
Tate’s results on continuous cohomology [Tat67] imply that R'v.O = O on Spa(K). So when Higgs bundles are
defined in terms of R'v, O, then Sen modules are Higgs bundles on Spa(K)

2Hence, (a relative variant of) the Hodge-Tate stack can be thought of as an analogue for Hodge-Tate cohomology
of p-adic formal schemes of Simpson’s de Rham stack for de Rham cohomology of complex varieties.
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a preimage under oj; and mapping it down under g, should give an analogue of Sen’s functmﬂ
However, as is to be expected from the above discussion of Sen theory, the morphism aj; is not
essentially surjective, reflecting the fact that Sen is only partially defined.

Instead, we have the following description of the above diagram, which is our second main result:

Theorem 1.3. Let 0o, /z, denote the different of Ok over Zy.

(1) The functor o, is fully faithful, with essential image the bounded derived category of nearly
Hodge-Tate representations, i.e. semilinear continuous C-representations of G whose Sen
operator has all its eigenvalues in Z + 55;/217'1“?‘

(2) The functor By is fully faithful. Let E be the minimal polynomial of m over Ky, the maximal
unramified subfield of K, then its essential image is the isogeny category of those complezxes

M for which OF — E'(1)P~1O acts nilpotently on H*(M ®0,. k).

Remark 1.4. Related results were proved recently by Min-Wang [MW2T|[MW22| and Gao [Gao22]
in terms of Hodge—Tate prismatic crystals, which are equivalent to vector bundles on Spf(Ox )"t
by [BL22b, Proposition 8.15]. Their results only hold at the abelian level (i.e. for vector bundles
instead of perfect complexes), but work more generally for smooth rigid spaces of good reduction
over a p-adic field (instead of just X = Spa(K)), also using the prismatic formalism. While they
use the prismatic site, we adopt the perspective furnished by Drinfeld and Bhatt-Lurie’s stacks.

It follows that any object is in the essential image of 3, after passing to a finite extension L|K.
For question the crucial point is now that due to the fact that aj, is completely canonical and
functorial, the subtleties that keep us from descending Sen’s functor disappear for aj,. We deduce:

Theorem 1.5. If L|K is a finite Galois extension, the functor o induces a fully faithful functor
ar Kt Perf([Spf(OL)HT/Gal(L/K)])[%] — Perf(Spa(K),)
and any object in Perf(Spa(K),) lies in the image of aZ/K for some L.

This allows us to compute Galois cohomology of semilinear G i-representations, i.e. cohomology
of vector bundles on Spa(K),: Let & € Perf(Spf(Ox)HT) and let V := a3} (£), M := (). Then
RI(X,,V) = RD(Spf(Ox)"T, £)[L] = fib(M = M)[L].

Theoremis an easy consequence of point (2). The proof of Theoremrelies crucially on the
geometry of Spf(Ox)HT. Namely, Bhatt-Lurie show that the map p, : Spf(Ox) — Spf(Ox)HT
realizes Spf(Ox)HT as the (relative) classifying stack of an explicit group G, (which is either
isomorphic to Gﬁn or to Gg) This gives a concrete description of perfect complexes on this
stack, leading to Theorem (2); in particular, let us point out that the (seemingly strange)
nearly Hodge-Tate condition appears very naturally through the description of the Cartier dual
of G,. Using this presentation, one can also unravel what the functor aj, is doing in terms of
the description provided by (2): let Z, — Spf(O¢) be the base change of p, along the map
Spf(Oc) — Spf(Ox )T mentioned above. Let A, = O(Z,) be the ring of functions on Z, and let
Ben = Aen[l/p]. The ring B, is endowed with an endomorphism © and a commuting continuous
C-semilinear G g-action. Then o sends a complex € on Spf(Ox)HT with 8.(€) = (M, 0) to

190+00®1
e

ﬁb(M ROk Ben M ROk Ben)-

In other words, the ring B, functions as a period ring in this context. This ring is closely related to
Colmez’ ring Bgey, (introduced by him in [Col94] to reformulate the construction of the Sen functor
in the style of Fontaine) but is different and has not been considered earlier in the literature as far
as we know. (Interestingly, it seems to be more easily related to a variant of Sen theory using the
Kummer tower, rather than the cyclotomic tower as is usually done. Compare [Gao22].)

Let us remark at this point that our proof of (2) uses Sen theory: we have nothing new to
say regarding the (key) decompletion process in the theory. But we stress that o, is a canonical,
geometrically defined, functor (which after a choice becomes identified with an explicit Fontaine-
type functor). This is the main point of the Hodge-Tate stack approach and we believe that this
point of view will give a fruitful new perspective on p-adic non-abelian Hodge theory. In work
in progress, we investigate the case of smooth varieties over algebraically closed non-archimedean
fields and p-adic fields by the same methods.

One might ask if one can use this description to obtain a more explicit description of the category
Repo(Gk) in terms of linear algebra data. In order to explore what such a description could look

3More precisely, it is an analogue for Sen’s functor defined using the Kummer tower of m rather than the
cyclotomic tower. These two constructions are equivalent up to a non-canonical transformation.
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like, we investigate in the last section the rank one case. In dimension 1, Sen’s division algebra-
counterexample discussed at the beginning of the introduction does not apply and one might hope
to extend the fully faithful functor of point (1) of Theorem I.3]to an equivalence between continuous
semilinear C-representations of G and rank one Sen modules. We prove that this is not possible,
by showing that there are more objects on the side of Sen modules than on the Galois side. Rather,
there is in general a canonical short exact sequence

0 — Pic,(K) - K — Br(K)[p>] — 0

where Br(K) = HZ (K, G,,) is the Brauer group. This means that already in the very simple case
of rank 1, the category of representations of G sees subtle arithmetic information of the p-adic
field K like the p-primary part of the Brauer group (which we recall is related to local class field
theory), which are therefore captured by the Hodge-Tate stacks in Theorem [1.2

1.4. Plan of the paper. After some brief recollection on the Hodge-Tate stack (the Hodge-Tate
locus in Bhatt-Lurie’s Cartier-Witt stack), Section we prove (a more general version of) point
(2) of Theorem in Section Section [3| contains some explicit computations describing the
Galois action on Be, (in particular a short discussion of its relation to Colmez’ Bgen) and its
cohomology, which allow us to complete the proof of Theorem [I.3]in Section [d] Finally, in section
Section [5] we compute the v-Picard group of p-adic fields.

Acknowledgments. The authors would like to thank Bhargav Bhatt, Yu Min, Juan Esteban
Rodriguez Camargo and Lue Pan for helpful conversations on Sen theory and feedback on a pre-
liminary version of this paper, and Peter Scholze and Matti Wiirthen for useful discussions. One
author (J.A.) wants to thank the organizers of the conference in Darmstadt in October 2022, where
he could present the results of this paper.

The second author was funded by Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy — EXC-2047/1 — 390685813, and was moreover
supported by DFG via the Leibniz-Preis of Peter Scholze.

Notations. We will use the following notations.
(1) pis a prime,
(2) K is a p-adic field (complete discretely valued with perfect residue field) with ring of
integers Ok and residue field k.
(3) Nilp, is the category of (classical, commutative) rings R such that p is nilpotent in R,

(4) If X is a p-adic formal scheme, we denote by X (resp. X"7T) the Cartier-Witt stack of
X (resp. the Hodge-Tate locus in the Cartier-Witt stack of X, or Hodge-Tate stack of X),
which is denoted WCartx (resp. WCart\) in [BL22a], [BL22b).

2. COMPLEXES ON THE HODGE-TATE STACK
2.1. Recollections on the Hodge-Tate stack for Og. The Cartier- Witt stack
WCart

is the groupoid-valued functor on Nilp, sending R to the groupoid of Cartier-Witt divisors, i.e.
W (R)-linear maps « : I — W(R) from an invertible W (R)-module I satisfying the conditions
that the image of the composite I % W(R) — R is a nilpotent ideal of R and the image of the

composite I = W(R) LN W (R) generates the unit ideal. Since p is nilpotent in R, Zariski-locally
on Spec(R), I is principal generated by some element d and the above two conditions can be
formulated concretely by saying that

ad) = SV,

with 7o nilpotent and r; € R*. The functor WCart in fact defines an fpqc stack on Nilp,. The
Hodge-Tate locus

WCart™T

in the Cartier-Witt stack is defined to be the closed substack defined by the condition that, for
R € Nilp,, a Cartier-Witt divisor a : I — W(R) belongs to the full subcategory WCart" (R) of

WCart(R) if the composite I = W(R) — R is zero (equivalently, in terms of the above explicit
formula, if ro = 0).

If X is a bounded p-adic formal scheme, we define the Cartier- Witt stack of X, or prismatization
of X, to be the groupoid-valued functor

X



6 J. ANSCHUTZ, B. HEUER, A.-C. LE BRAS

on Nilp, sending R to the groupoid of pairs (a : I — W(R),n : Spec(W(R) := cone(a)) — X),
where (a : I - W(R)) € WCart(R) is a Cartier-Witt divisor and n is a map of derived formal
schemes. The Hodge-Tate stack of X, which will be the main player in this text, is defined as the
fiber product

XHT - X

L]

WCart"" —— WCart.
For R € Nilp,, if (o : I — W(R)) € WCart" (R), the map « factors through VW (R) and

hence one gets a map W(R) — W(R)/VW(R) = R. Therefore any point (o : I — W(R),n :
Spec(W(R)) — X) € XHUT(R) gives rise to a map Spec(R) — Spec(W (R)) - X. This defines a
morphism XHT — X called the Hodge-Tate structure morphism.

Remark 2.1. Note that we have WCart = Spf(Z,) and WCart™™ = Spf(Z,)"", as Spf(Z,) is
the terminal object in the category of p-adic formal schemes.

A fundamental feature of these stacks is their relation to prisms, which is given by the following
simple construction ([BL22bl Construction 3.10]). Let X be a bounded p-adic formal scheme and
(A,I) € (X) an object of the absolute prismatic site of X. If R is an A-algebra in Nilp,, the
A-algebra structure on R uniquely lifts to a 0-A-algebra structure on W(R). Base changing the
inclusion I C A along A — W (R) gives a Cartier-Witt divisor a : I ® 4 W(R) — W(R) together
with a map n : Spf(W(R)) — Spf(A := A/I) — X (where the last map comes from the assumption
that (A,I) € (X) ), hence a point in X (R). Therefore, we get a map

px,a : Spf(A4) = X
(A is endowed with the (p, I)-adic topology). It induces a map
Px7: Spf(A) — xHT.

Let us make this more explicit when X = Spf(Ok). Let m € Ok be a uniformizer. This choice
yields the Breuil-Kisin prism

(Ar, I) := (W (F)[[u]], (E(u)))
with A, := A, /I. =2 Ok, uw m, where E(u) € W(k)[u] is the minimal polynomial of 7 € K over
Ky := W(k)[1/p], and the d-algebra structure is defined by 6(u) = 0, meaning ¢(u) = uP. Setﬂ
e:=FE'(r) € Ok.
We let
pr = Pspi(om) izt SPE(OK) = Spf(Ox)"T
be the map induced by (A, I;) introduced above. Concretely, an Og-algebra S is mapped to the
image along Spf(Ox )" (Ok) — Spf(Ox)HT(S) of the point
(Ir ®a, W(Og) = W(Ok),Ox =2 Ay /I, — W (Ok)).
Definition 2.2. Let G be the group sheaf of automorphisms of the point p,, i.e. G is the functor
S Autsp(o)nr(s) (SPE(S) — Spf(Ox) £ Spt(Ox)"T)
on p-complete Ok-algebras.
By [BL22b, Example 9.6] the group G, identifies concretely with the subgroup
Gr={(t,a) e G} xG! |t—1=¢e-a}

(see [BL22al §3.4] for the definition of G¥ and G%). The action of G¥ (S) = W*[F](S) on py is
via the natural W (S)-multiplication on I, ®4_. W (S) while the action of G¥,(S) = W[F](S) is via
homotopies on the morphism Ok — W(S) of animated rings, cf. [BL22bl Construction 9.4]. It is
useful to note that if S is p-torsion free, then the action of an element (¢,a) € G(S) is uniquely
determined by its action via the projection G, — G¥ = WX[F] on I, ®4, W(S). Moreover,
under this torsion freeness assumption, an element (ag, a1,...) € W*[F](S) C W(S) is uniquely
determined by ag. We now have:

4We note that usually e denotes the absolute ramification index of K, i.e., the degree of E(u). As this will not
be relevant to us, we use the symbol e for something else.
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Proposition 2.3 ([BL22b, Proposition 9.5]). The action of G makes p, : Spf(Og) — Spf(O )HT
into a Gr-torsor for the fpgc-topology. In particular, p, is affine and faithfully flat and induces an
isomorphism Spf(Ok )"’ = BG,,.

To describe G even more concretely, note that the projection (¢,a) — a yields an isomorphism
g a” A
G, =2Gh = Spf(OK[H | n>0]))
of formal schemes, such that the comultiplication on O¢  identifies with the formal group law

a+b+e-ab.

If e € OF, then G, = G!, via the first projection, and if e € my := 7 - Ok, then G, = G, given
by the maps

Gr— Gt a

IOg(ea + 1) — Z(_e)n—l%

e
n>1
and
exp(ea) — 1 _a”
Gl Gy, ary DR L g a8
e n!
n>1

2.2. From complexes on the Hodge-Tate stack to Sen modules. We keep the notations of
the previous section. In this section, following very closely an argument of [BL22a], we want to
give an explicit description of the co-category of quasicoherent complexes

D(Spf(Ox)"™)

on the Hodge-Tate stack Spf(O)"T of O (cf. [BL22a][Definition 3.5.1]). We stress that this
description is not canonical but involves the choice of a uniformizer m € Ok.
The choice of such a m € Ok yields a faithfully flat morphism
pr: Spt(Ok) — Spf(Or)HT,
whose automorphism group is G, as in Section As in [BL22al, Construction 3.5.4] we can
construct an automorphism of the projection
SPE(O)™ Xspi(or) SPEH(OK €]/ (7)) — Spf(Ox )T
yielding a Sen operator for Og. Namely, for £ € D(Spf(Ox)HT)
(1+ee,e) € Gr(R[e]/(?)) yields an automorphism of

£ ®oy, Oxlel/(%),

which can be interpreted as a morphism Id+e0, ¢: £ — E®p, Ok |e]/(£2) for some endomorphism
Or.e: € — € in D(Spf(Ok)MT). The endomorphism O, ¢ is called the Sen operator of .

multiplication by the elemen

Example 2.4. The natural map h: Spf(Ox)HT — Spf(Z,)"T = BG!, is induced by the morphism
of groups
Gr— G, (t,a) — L.

From the constructions of the Sen operators for Ok and Z,, respectively, we can conclude that
if & € D(Spf(Z,)"T) with Sen operator Og: & — &£, then h*E has Sen operator O, = e - h*0.
In particular, for the Breuil-Kisin line bundles Ogps(o,ynr{n} from [BL22a, Example 3.3.8], this
means that Ogpg(z,ur{n} pulls back to

Ospf(OK)HT {n} = h*OSpf(Zp)HT {n},

whose associated Sen operator is given by e - n, cf. [BL22a, Example 3.5.6]. We stress that
Ospt (05 )HT {n} is canonically defined, but that its associated Sen operator depends on the choice
of m because e depends on 7.

As in [BL22al, Example 3.5.5] the Sen operator satisfies the Leibniz rule for tensor products in
D(Spf(Ox)"T).

In the following, by a slight abuse notation, we denote by O, ¢ also the pullback of ©, ¢ along
the map p,.

The main aim of this section is to prove the following analog of [BL22al Theorem 3.5.8].

5 Here all necessary higher divided powers of €,1 + e are defined to be 0.
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Theorem 2.5. The functor
Br : D(Spf(OK)HT) - D(OK[@TF])7 & (p:rg7@7r,5)

is fully faithful and its essential image consists of complexes M € D(Ok[©,]) which are (derived)
w-adically complete and such that the action of O — eP~10, on the cohomology H* (k ®éK M) is
locally milpotent.

We note that the functor depends on the choice of the uniformizer m € O. If e € Ok is not
a unit, then ©2 — e?~10, = OF on H*(k ®§, M), which is in accordance with the description of
representations of G¥ as finite free Ox-modules with a topologically nilpotent endomorphism.
For the proof of Theorem we will follow the arguments of [BL22al Theorem 3.5.8].

Lemma 2.6. Set £ := pr .Ospeo0y)- Then

(1) pr&=0¢, = @OK . % (where on the right we write for simplicity Ok for what should
n>0
be denoted Ospf(oK)),

(2) Ore=01+ ea)a%,
(3) the sequence 0 — Ok — pL& Ome, prE — 0 is exact.

Proof. The isomorphism p%i€ = Og, follows from the projection formula. The description of Og

in terms of @OK . ‘:TT,L follows if we identify G, = G¥ (as formal schemes) via the map (¢,a) — a.
n>0

Under the isomorphism G, = Gﬁ, which transfers the comultiplication to the map

—

c: OGg%@(@@K@, ar— a+b+e-ab,

the Sen operator ©, ¢ is constructed using the action of the element ¢ € G%(Ox/[e]/(?)). In other
words, we have to look at the composition
— o ~— 1d®(a —
Ogt = Ogz @0, Ot e, Ogs, ®ox Oklel/(€?),
which sends some f(a) € (5& to the element f(a+ (1 +ea)e) = f(a) +e(1+ ea)%(a) as desired.
Let f(a) = > cn% € 6(;. Then
n>0 ’ ¢

a" an71 an
677,5(f) = Z Cn(ena + m) = Z(Cn+1 + encn)n—
n>1 n>0
Thus, if O, ¢(f) = 0, then ¢,41 = —enc, for all n > 0, which implies ¢,41 = 0 for all n > 0,

a”
n!?

ie, f € Okg. Given an element g(a) = > b, then we can inductively solve the system
n>0

b, = cpy1 + ency, by starting with
Co ‘= 0
C1 = bo
Co Z=b1—€~1'81:b1—€b0

)nfl

Cnt1 i =byp —encp,=...=b, —...— (—e nlbg.

We see that if for the p-adic topology b,, — 0,1 — oo, then also ¢, — 0, — co. This finishes the
proof of the lemma. |

Similarly to [BL22al Proposition 3.5.11] we can draw the following consequence.

Proposition 2.7. For any € € D(Spf(Ok 1Y) there exists a canonical fiber sequence

RU(Spf (O )T, €) = B (E) 2255 B,(E).
In particular, the functor RT(Spf(Ox)"T, —) commutes with all colimits/limits.

Proof. Note that the Sen operator for Ogy¢o,yur is 0, e.g., by Example This implies (by nat-
urality of the Sen operator) that the natural map Ogpe(o,)nt — PPk Ospr(0,) 8T = P« Osp(05)
induces a natural map
Or\pr 2O
Ogspiox)ynr — fib(pr «(Ospr(0x)) SO P+ (Ospr05))),
which by faithfully flat descent along p, and Lemma[2.6|is an isomorphism. Tensoring the resulting
fiber sequence with £ yields a fiber sequence

E = prn(P5(E)) = prs(pi(E)).
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From here we apply the functor RT'(Spf(Ox )T, —) to get a fiber sequence
RI(Spt(0x) "™, €) = Br(E) % Br(€)
and one checks that & = O, ¢. O

Remark 2.8. Given Proposition the same argument as in [BL22a, Corollary 3.5.14] charac-
terizes objects isomorphic to Ogpp(o,yur{n} € D(Spf(Ok)HT) as those £ € D(Spf(Ok )H*T) such
that 5.(£) = Ok and O, ¢ =€ - n.

Now we prove the analog of [BL22al Proposition 3.5.15].

Proposition 2.9. The category D(Spf(Ox)"T) is generated under colimits by the Breuil-Kisin
twists Ogp(o,ynr{n}, n > 0.

Proof. Following the argument of [BL22al, Proposition 3.5.15] the claim reduces to showing that
the regular representation Og_ of G lies in the category spanned by the (objects corresponding

to the) Ogpro,ynr{n}, n > 0. For this we can use the filtration of Og, = @OK . ‘:—, given by

i>0
n i
Fen = @ Ok - %, the formula
i=0
a a” a™
1+ ea)%a =en v mod F<,1
and Remark to conclude the proposition as in [BL22al, Proposition 3.5.15]. (|

Remark 2.10. In fact, when K is ramified, one only needs the structure sheaf Ogppo,)nr to
generate the category under colimits: see [BL22bl Remark 9.7].

We can now prove Theorem 2.5

Proof of Theorem[2.5, Given Proposition [2.9] well-definedness and fully faithfulness follow as in
[BL22al, Theorem 3.5.8]. The condition that ©F — eP~10©, is locally nilpotent on the cohomology
modulo 7 appears as
(en)? — eP~t(en) = P (n? —n)

is zero modulo p for any n € Z. To show essential surjectivity let M € D(Ok[O,]) be an ob-
ject satisfying the two conditions in Theorem Let Og{n} € D(Ok[O]) be the image of
Ospt(oxynr{n}. If M is non-zero, we have to cook up a non-zero morphism O {n}[m] — M for
some n,m € Z,n > 0. As

RL(Spf(Ox)"™, (Or{-n}[-m] @0, M)®p, k) = RU(Spt(Ok )", Ox{—n}[-m] @0, M)®p, k

and RI(Spf(Ox)MT, Ox{—n}[—m] ® M) is p-complete (e.g., by Proposition it suffices to

replace M by M ®éK k (this uses p-completeness of M to ensure that M ®(LQK k#0if M #0).
p—1

Then ©2 — P10, = [[ (O, — e-1i) acts locally nilpotently on H*(M). Now we can finish the

=0
argument as in the proof of [BL22a, Theorem 3.5.8.]. O

Remark 2.11. The Cartier duals of G¥, and G¥ are known, cf. [BL.22a, Remark 3.5.17], [Dri21]
Appendix BJ. For G one can uniformly describe the Cartier dual as the formal group scheme

Spf (lim Oxc[u)/ [ [ (w — € - 4)).
n =0

Remark 2.12. Theorem [2.5|could also be deduced from Remark and Cartier duality (switch-
ing to modules over the Cartier dual of G) and the observation we already made that

p—1

uP — eP "ty = H(u—e~i)

i=0
in k[ul.
Let S be a p-complete Og-algebra and g = (s,b) € G(S) an S-valued point of Gr. As G.(S)
is commutative, the multiplication by ¢ will induce an automorphism
Y1t MBo S — M@0, S

on any pair (M,0,) € D(BG,). The next lemma makes this action explicit, and also sheds more
light on the condition on ©, in Theorem The formula also occurs in [MW21], Theorem 1.3].
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Lemma 2.13. In the above notation, we have the equality

n—1
Yo = (1+e-b)%/ = Z nH

as endomorphisms of each cohomology module of M®e,. S.

We recall that there exist the formal equalities

exp(z - log(1 +y)) =(1 +y)*

n n—1
= v (x —1)
n!
n>0 =0
of power series in Q[[z, y]].
Proof. For simplicity of notation, we assume Og = S. The general case is similar. Using a

reduction to M concentrated in degree 0 and the natural morphism M — pr . (piM), it suffices to

check the statement in the case that M = O, with ©, = (1+e-a). Let f(a) € Og, = @OK%.
n>0
Then

V9.0q, (f)(@) = fla+b+e-ab).

We write ¢ := 1+ e-a and h(t) = f(=1). Then v40. (f)(a) = h(s-t) with s =1+ e-b. From
the proof of [BL22al, Proposition 3.7.1] we get

(s 1) = 30 B Dy

n!
n>0

Or
= eXP(j log(s))h(t)
from which we deduce the formal equality of power series in a
(1) flat+b+e-ab)=(1+e-b)°/°f(a).

From the formal equality

nn 1
(2) (1+y)* Z Hx—z
n>0 'z 0

mentioned before we conclude that (Equation (1)) converges in O¢. by the convergence condition
on O,. Namely, setting y =e-b and x = O, /e we get

(1+e-b)°/

nbnnl
DI CE
n>0

-y Ul

n>0  i=0

and [] (©r —i-e) converges to 0 if n — oo. O

3. GALOIS ACTIONS ON HODGE-TATE STACKS
Let C' = % be the completion of an algebraic closure of K. Let
f:5pf(Oc) — Spf(Ok)

denote the natural morphism. As the natural map Spf(Oc)"T — Spf(O¢) is an isomorphism
([BL22bh, Example 3.12]), the map f lifts naturally to a map

f:Spt(Oc) — Spf(Ox)HT
over Spf(Ok). Let Z, be the base change along f of the G-torsor p, : Spf(Ox) — Spf(Ox)HT
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In this section, we would like to analyze explicitly the action of Gal(K/K) on the ring of
functions O(Z,) under some additional choices. We do so in Section in a slightly more general
context. Using this description, we will relate in Section the ring O(Z,)[1/p] to other more
familiar period rings from p-adic Hodge theory (most notably the ring Bse, previously introduced
by Colmez) and compute its Galois cohomology in Section

3.1. Explicit functoriality. Let K, K’ be p-adic fields with rings of integers R := Ok, R’ := Ok
and (perfect) residue fields k,k’. We assume that K — C, K’ — C’ are two extensions of non-
archimedean fields with C, C" algebraically closed. Moreover, we let o: C' — C’ be a continuous
homomorphism, which we require to induce a homomorphism 7: K — K’. Let

f:8pf(O¢) — Spf(R), f': Spf(Oc:) — Spf(R)

denote the natural morphisms. As recalled above in the particular case C' = K, the natural map
Spf(Oc)HT — Spf(Oc¢) is an isomorphism ([BL22b, Example 3.12]) and thus the map f lifts
naturally to a map

f+ Spf(Oc) — Spf(R)™T
over Spf(R). Similarly, f’ lifts naturally to a map I Spf(Ocr) — Spf(R)HT. Explicitly, if S
is a p-adically complete R-algebra, (Ains,J) the perfect prism associated to O¢, then f maps a
morphism g: O¢ — S to the image of the O¢-point

(J @ W(O0) = W(O0), R = Oc = At/ ] - W(O0)) € Sp(R)T(Oc)

along the map Spf(R)HT(O¢) — Spf(R)"T(S) induced by g. Similarly the map f’ can be described
using the perfect prism (A! ;, J') associated with Oc¢-.
From the naturality of the Hodge-Tate stack we deduce that there exists a natural 2-commutative

diagram
Spf(O¢r) —Z— Spf

B

Spf(R')"" —— Spf(R)

c)
HT

~

or more precisely a natural isomorphism ¢, : f co X rToO f/ between two points in the groupoid
Spf(R)MT(Oc) = Morg(Spf(Ocr), Spf(R)HT).
Set 7 := 7(7) € R’ and assume that this element is a uniformizer in R’. We get two prisms

(A, Ir) = (W(E)[[u]], (Ex(u)))

and
(A%, I2) = W(E)[[W]], (Ez(u)))
lifting R and R’ respectively via the morphisms
A =W(k)[[u]] = Ryur m, AL =W(EK)[[W]] = R, v — 7.
As explained in Section these choices give rise to two maps
pr : SPE(R) — Spf(R)AT) pL: Spf(R') — Spf(R)HT
with group sheaves of automorphisms
Gr={(t,a) eG} xG! |t=1+¢-a}, Gz ={(t,a) G} x G |[t=1+¢a},
where
e:= E.(n), é:= EL(%).
Let 79: W (k) — W (k') be the homomorphism induced by 7. Then 7y extends to a homomorphism
Ta: Ar — AL

by sending w to «’. This yields a homomorphism (A, I;) — (A%, I-) of prisms, which reduces to

the homomorphism 7: R = A, /I, — AL/I. = R'. By naturality of [BL22b| Construction 3.10]
we obtain a 2-commutative diagram

Spf(R') ——— Spf(R)

Lk

Spf(R/)HT —— Spf(R)HT.
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To describe the implicit isomorphism in Spf(R)"T(R’), note that the diagram
A, ——W(R)

l‘m iW(T)

AL —— W(R)
commutes and that the natural map I, ® 4, AL — I. is an isomorphism. From here one sees that
the implicit isomorphism is induced by the isomorphism
In @4, W(R) Qwr) W(R) = Iz @4, W(R'), i@z Qy — 1a(i) @ W(T)(2)y.
As in the beginning of Section 3] we define Z, — Spf(O¢) by the fiber product diagram
Zr — Spf(O¢)
T
Spf(R) — Spf(R)HT.
By faithfully flat descent for G -torsors
Zr = Spf(Aen)
for some O¢-algebra Ao, with Gr-action. Similarly, we can define Z. = Spf(A.,). From the

2-commutative diagram

Spf(R) —2 Spt(R)IT «+L— Spf(Oc)

Spf(R) —2=— Spf(R)IT «L— Spf(Oc)
we deduce from the universal property of the fiber product a natural map

oz Z7/~r —
Our aim is to make oz more explicit. For this we first have to construct a suitable trivialization
of the G-torsor Z, — Spf(O¢) and the Gz-torsor ZL — Spf(O¢).
If i = (m,7'/P,...) € OI’C is a compatible system of p-power roots of 7, then the embedding
[ Aw — Ainf, U — [7Tb]
extends to a morphism of prisms (A, I;) — (Aint, J) and yields an isomorphism ~,., in Spf(R)"T(O¢)
between the points corresponding to f and the composition Spf(O¢) — Spf(R) £% Spf(R)HT.
Concretely, 7, is the isomorphism of objects in Spf(R)HT(O¢)

(I @4, W(0c) = W(0c) T — A/I — W(O0))
' H H
(J @A W(Oc) - W(O¢c) , R — Oc¢=Ap/J — W(Oc))

induced by the W(O¢)-linear isomorphism
I a4, W(Oe)=JRa

Similarly, a choice 7#° = (7,7/P,...) € Ocn of p-power compatible p-power roots of 7 in O¢r
yields an isomorphism between f’ and the composition

W(O¢), i@x+ t(1) @ .

inf

Spf(Ocr) — SpE(R') 2% Spf(R')HT.

We note that a possible such choice is given by o(ﬁ'b), but we explicitly want to allow greater
freedom for this choice to later compute Galois actions.
From here we see that 7,»,7;» induce isomorphisms

Vb * GT";OC = GTr X Spf(R) Spf(@c) i) /.
and
Yab : anoc/ = G;T XSpf(R’) Spf(Oc/) i} Z7/~T
We can conjugate the map oz: ZL — Z, to get the composition

-1

Vzb /1 0z Vb
G700 = Lz = Zr —< Gr,005
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which lies over the morphism o: Spf(O¢:) — Spf(O¢). Base changing along o yields a map
[ofel G;r,oc, — J*Gw’oc = G,r XSpf(R) Spf(@c/)
b ~b
(we write o, ™ if we want to stress its dependence on the choices of 7° and 7°).
We now choose a compatible system

—(1,¢..) € O
of p-power primitive roots of unity. Then we can write
o([n’]) =[] [7"] € Al
for a unique element c¢(o) € Z,. Indeed, this follows as o(m) = 7(7) = 7. Let us note that
Ta(Ex(u)) = Ez ().

We furthermore introduce the elements

M::[]_leAmf

and u

zZ = - 0/(7~) S OC’

Ex([7°])
(here 0": Af; — Oc- is Fontaine’s map). Let us note that if £ := 5 =1+ 7]+ ...+ [61%1],
then - (%%b]) € Af,; is a unit and hence also 0' (=7 ([ ) ) € O¢ is a unit. Therefore
- 3 1 -
= F 0 (o () € 7 (G — )00
Ex([7]) :

In particular, z € G, (O¢).
The main result of this subsection is the following statement.

Proposition 3.1. The map
oG- Gﬁ)oc, — O'*Gmoc

18 giwen by the map

1 €
"1+ éze(o) ;(a —2-elo)).
Proof. By flatness of both formal schemes over Spf(O¢) it suffices to identify oG on O¢-algebras
S which are p-torsion free. In particular, a point (s,b) € 0*Gr.0.(S) C G¥ (S) x GE(S) is already
determined by s as the equation s =1+ e-b € S holds. Now, assume that (¢,a) € Gz 0.,(9) is
a given point, and let g € WX[F](S) = Gf,(S) be the element corresponding to ¢ (in particular,
g = (t,...,) in Witt coordinates). Now o¢(t, a) is by definition the element in 6*G o, determined
by the isomorphism of the two outer compositions in the 2-commutative diagram

T

Spf(R') — 22— Spf(R)HT «2Z_ Spf(R) «—— Spf(Ocr)

Px f

(t,a) = (1+é-z-c(o)™t -t

Spf(R') — = Spf(R)H Spf(O¢r)
I f ~ |-
Spf(R) —L=— Spf(R)HT ! Spf(Oc)
| | |
Spf(R) —=—— Spf(R)IT +2=— Spf(R) +—— Spf(O¢)

where the isomorphism of the top roof is defined by g, the isomorphism for the upper right square is
given by ~z» and the one for the lower right by ~,.». For the other squares the implicit isomorphisms
are obtained by functoriality of the Hodge-Tate stack or of [BL22h, Construction 3.10]. Write
og(t,a) = (s,b) and let h € WX[F](S) = G¥,(S) be the point determined by s. Let us now
for simplicity set S = O¢. Then the commutativity of the outer diagram implies that the two
compositions
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I ®a, W(Oc¢) ®@w o) W(Ocr)
IZ @4, W(Ocr)

Ta®ldw (0))

N Iz ®a. W(Oc)
’Yi) J’' ®A;nf W(Oc/)
and I, XA, W(Oc) ®W(Oc) W(OC/)
by Iz ®a, W(Oc) @woq) W(Ocr)
RN ®@ s W(Oc) @w(oo) W(Ocr)
Z J’ ®Ai’nf W(O¢r)

agree. Evaluating both morphisms on the element E,(u) ® 1 ® 1 yields the equality (in J' ® AL
W(Oc))
E:([7]) © g = o(Ex([7'])) & h.
Now, o(Ex([7°])) = Ez(c([x"])), which implies that
Ex([7
po BT
Ex(o([7]))

where % € Al ; is a unit and the multiplication with it refers to the A ;-algebra structure
of W(S). By Lemma [3.2] below, we can conclude that

(14+é-z-clo)™ ' t=s
From this we can conclude by a small calculation that
1 é

—(a—2z-c(0))

T 1+ éze(o) e
as desired. 0

Lemma 3.2. Under the map 0': A]_. — Oc¢: the element

inf

18 mapped to the element

Proof. We write

o([r']) = [l [7’]
and
pi=e] - 1.
Recall that ker(A! ; — W(O¢/)) = pu- Al ;, cf. [BMSI8, Lemma 3.23]. Now
Ex(o([7']) = Ez([@)(1 + m)")

= Ex([@)) + BL ()7 ]e(o)pu +y - 4

for some z,y € Al ;. As p is divisible by E
then apply 6. We conclude that

, Ex(o w0 ;s B
0BT — 1+ B0 (i clo)

because 6'(p) = 0. By definition of z we can conclude the lemma. O

(
= Ex([7 ]§1+0()))+$~u2
#(

[7°]), we can divide this equation by Ex([7°]) and

We now specialize to the case that K = K',C = C' = % and 7 = Idk. In this case, let
Gk = Gal(K/K)
be the Galois group of K, which acts on C' by continuous automorphisms. As the morphism
f: Spf(Oc) = Spf(Ox)"™
is Gk-equivariant (by naturality of the Hodge-Tate stack), the G .-torsor
Zr — Spt(O¢)

aquires an action of Gk. From Proposition [3.I] we can deduce an explicit description of this action.
To formulate it, let us first make a definition.
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Definition 3.3. We set

E ([
X Gi H(ng(@c) =14p*-Oc,0—=>14e-z-¢c(o)=10 (W),
Er([7"])
(here o = ﬁ if p#2and « =1/2if p =2 defines the convergence radius for the exponential)
where the last equality follows from Lemma [3.2
We recall that the choice 7 of p-power compatible roots of 7 yields an isomorphism
Vb Gm@c = 7.
As a corollary of the previous proposition, we obtain:
Corollary 3.4. The isomorphism v : Gr. o, — Zx 15 equivariant for the Gg-action if 0 € Gk

acts on Gr o, by

dy Idg, Xo
GTI',OC — GTI',OC =

-1

Gn,oc,
where dy := (X (0), 2z - ¢(0))

The map d: Gxg — G(O¢), 0 — d, is a l-cocycle, and we can formulate Corollary 3.4
by saying that the G'ix-action on G, o, induced by the natural action on Z, via transport of
structure through v,»: Gr 0, — Zr is given by twisting the usual action on coeflicients by d.

Proof. This follows by setting #” = n” in Proposition as in this case € = e. O

Remark 3.5. The object Z, is also implicit in the work of Min-Wang when they consider the
coproduct of the prisms (A,,I;) and Aj(Oc¢) in the prismatic site of Ok, see [MW22, Lemma
2.11 and §5]. But it plays a different role in their work, as they use it to study 7-connections. For
us, O(Z,) will play the role of a period ring in the style of Fontaine, as we explain in the following.
3.2. Comparison to Colmez’ ring Bge,. We will continue with the notation from Section
in the situation that K = K',C = ¢’ = K,7 = Idg,7” = 7". Let Aey := O(Gr.0.) and set
Ben = Aen[2].

P
The map

Groo — G (t,a) = a
is an isomorphism of formal schemes. In particular, we have an identification
— an
Aen = @OC ‘ ﬁ
n>0
As shown in Corollary [3.4] on the element ¢ := 1+ € - a € Ae, the Gi-action is given by
o(t) = xm(0) 7' 1,
with x»(0) € 1 + p® - O¢ as defined in Definition Hence the 1-cocycle x,» plays a similar
role in our setting as the cyclotomic character x: Gk — Z; plays in p-adic Hodge theory via the

cyclotomic tower (in the sense that on the usual element ¢ = [¢] — 1, the action of Gk is via ).
To make this analogy more precise, let us first introduce a “cyclotomic” version of B, by setting

chcl _ chcl L @O ) l t—1 n [l]
en ~— “en,K T C nl p!

(&
n>0

We note that this Banach algebra over C' depends on K, but not on the choice of 7. Indeed, the

/ n
implicit orthonormal basis (Z (t e_l) Jnen depends on e = E/ (), but the ideal e - Ok is the

different of K over W (k)[1/p] and thus independent of .
The C-Banach algebra B! admits a (continuous) Galois action by Gk via
o(t') = x(o)t',
where x denotes the cyclotomic character.
We now wish to compare B, and B!, so we need to find an appropriate coordinate trans-
formation from ¢ to ¢ that transforms the 1-cocycle x,» to the cyclotomic character. For this we
use:

Lemma 3.6. For any o € Gy,

o(z) 1

= X(0)Xm (0) "

z

Here, the element 2 = 76(4 (’[wa])) was introduced before Proposition
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Proof. Since  is fixed by the action of o, we have o(z)/z = o(20) /%o for zy := G(W) Observe

now that
ox) g (P E D) (e BT (e _
z Xﬁb()_e( m ) 9( Ex([7"]) >_9(M)_X()
as desired. 0

Focusing just on the Galois action, it therefore looks promising to send
z
t=1+e-a~ 7

since
o) = 2X(0) X (0) 7 17
t x(o)t! t
transforms as desired to get Galois equivariance of the transformation. However, this is problematic
due to convergence issues: in order for this rule to extend to a morphism

Beyn — B

en

ST

would have to converge in B!, or in other words we would have to have

= X0 (0)

the sum

z
7 €l+e-p®Oc C1+4p*O¢
for all ' € G¥ (O¢) = 1+ p*O¢ where as before, a is the convergence radius of the exponential

(a= p%l or o = % if p = 2). This is equivalent to requiring

z€1+4+p*Oc,

which is not necessarily true: indeed, specializing z along the map O — k, we can see that z need
not lie in 1 4+ m¢ if the constant term of E is not p.

This raises the question whether one can always modify z so that it is of the desired form:
Suppose that we have a different 2/ € C* for which o(2')/2" = x(0)x»(0)~! as in Lemma
but also 2z’ € 1+ ep®O¢. Then we have o(z/z') = z/2', so 2/ = bz for some b € K*. This shows
that 2’ is of the desired form if and only if

2 e (1+ep*Oc)n(z- K*).

Such an element might not exist, but due to the fact that K C C* is dense, we can always find
such a 2’ after replacing K by a finite extension K’. Crucially, however, there is in this case not a
unique element z’, but rather there is an ambiguity by a factor 1 + ep®*O¢ N K’. In summary:

Proposition 3.7. There exists z’ € C* such that there is an O¢-linear continuous isomorphism

!/
~ z
Ben = B t:1—|—e~a|—>?

en

which is Gk -equivariant for some finite extension K'|K. The element z' is in general non-
canonical and only well-defined up to a factor in 1+ e - p*Ok:.

Proof. This follows from our above discussion. O

Remark 3.8. There is a slightly different perspective on this which also allows us to make K’
slightly more precise: Consider x - Xbl : Gg — C* as a continuous 1-cocycle which defines a trivial
class in H} (Gk,C*) by Lemma For any k € N, there is m € N (by continuity) such that for
K':= K(7'/?" (,m), this cocycle restricts on Gk to a cocycle with image in 1+ p*O¢. Consider
the commutative diagram

Hclts(GK/71 +pk+1oc) — Hclts(GK/71 +pkOC) — Hclts(GKlvc’X)

Nlipklﬂ log NL%’“ log lbg

. k
HL(Ggr,Oc) ———— HE(Grr,Oc) —— HE(Gkr,C)

as we will recall in Lemma below that the torsion in H} (G, O¢) is uniformly bounded
among all finite extensions K’ of K. Since x - X;bl defines an element in the top left that vanishes
in the top right, it follows that for k£ > 0, the class of x - X;bl in HY (Gxk,1+ p*O¢) vanishes.

Thus there exists 2z’ € K’ whose coboundary equals x - X;bl.
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This shows that we can in fact choose K’ to be K(7'/P" (,m) for some m > 0. From this
perspective, the reason that 2’ is non-canonical is that we can only prove the vanishing of a class
in group cohomology, but we did not produce a canonical coboundary representing it.

To reformulate Sen theory in the style of Fontaine, Colmez, [Col94], has introduced the period
ring Bsen. As a ring, Bse, identifies with the ring C{{u}} of power series in u with coefficients in
C having a positive radius of convergenceﬂ It is filtered by the subrings Bg,, , n > 0, defined as
the power series with radius of convergence > p~ ™2x(1.1) for p odd and p~ ™2x2n) for p = 2. If for
o € Gk we set

o(u) = u +log(x()),
one checks that this defines an action of Gk, on Bg,, where K,, = K(u,~). Note that there is an
embedding

(3) BY < Bgen, t' > exp(u).

which factors through B{, and is Galois equivariant with respect to the action on Bg, .
Therefore, as a consequence of Proposition we deduce:

Corollary 3.9. There exists 2/ € C* such that there is an Oc¢-linear continuous embedding
!/
Ben < Bsen, t=14¢e¢-a— ——
exp(u)
that factors through B, and is Gk -equivariant for some finite extension K'|K. The element 2’
is in general non-canonical and only well-defined up to a factor in 1+ e - p*Ok.

Remark 3.10. The subscript “en” in B, stands for “enhanced”, the motivation of which is two-
fold: First, the notation is to suggest that By, is closely related to Bsen, but has a finer convergence
condition. As we will explain in remark [3.15] below, this makes Be, better behaved with respect to
Galois cohomology. Second, the ring Be, has a natural generalisation for XHT when X is a smooth
formal scheme over Ok, and in this case it encodes a close relation with the functor from v-vector
bundles to the “enhanced Higgs modules” of Min—-Wang [MW22], which are roughly a hybrid of
Sen modules and Higgs modules.

We end this subsection with a slightly different viewpoint on the ring Be,. As we saw above,
the G i-action on

==
Cot

is via the cyclotomic character. In particular, Fontaine’s period ring
Byr = C[()*'] = @) ()
neZ

embeds as a subring into Bey. In fact, B, is the completion of Byt for the Banach norm induced
by the O¢-lattice Aen N Byr, and this sublattice can be made rather explicit.
Let us give an explicit consequence of this completion.

Example 3.11. The class of continuous semilinear C-representations V' of G, which satisfy
dimg (Ben ®c V)95 = dime V

is different from the class of Hodge-Tate representations. As a concrete example, let M be a free
rank 2-module over Ok and equip M with the Sen operator

0 —1
O = (0 0 )

for some choice of basis. As we explain in detail in §4, the G x-representation associated to (M, 0 )
via ajf o B! is explicitly given by V := (M ®¢, Ben)®~ 7972 =0, Firstly, the constants C' lie in
V. To get the whole of V' we have to solve the differential equation

(14 ca) - (f(a)) = 1

which yields that f(a) = % log(1+ ea) + ¢ for some constant ¢ € C, and thus V = (1,log(1 +ea))c.
In particular, V is 2-dimensional and verifies dimg (Ben, ®c V)95 = 2. But V is not HodgeTate
as the Sen operator is not semi-simple.

6Note that u € Bsen is not related to the element u € A, from Section
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3.3. Calculation of Galois cohomology of B,. We continue to use the notation of Section [3.2}
The following theorem is the crucial input in our proof of the full faithfulness part of Theorem [I.3]2
in Theorem E.2] below.

Theorem 3.12. The natural map
K — RT(Gk, Ben)

18 an tsomorphism.

Here, the right hand side is continuous group cohomology for the Banach space topology on
Be,,. Before starting the proof, let us recall Tate’s celebrated theorem ([Tat67, Proposition 8(a)])
which will be used in the proof:

RT(G,C) = K & K[1].

We will also need the following result, which is a more precise version of the result that H!(G -, C(n)) =
0 for n # 0:

Lemma 3.13 (|Tat67, Proposition 7(c) and its proof]). For any 0 # n € Z, the K -linear operator
gx(g)™ —1:C — C has a bounded inverse p,. More precisely, there is § > 0 such that |p,(z)] <
p°|z|. This § only depends on K, and in fact we can choose & such that it works uniformly for all
finite extensions K (u,m )| K for m € N.

Proof. Tate proves this for g — X where A € 1+ pZ,. We can take A = x(¢)™" and then multiply
g — A by x(g)™ which does not change the estimates. The last statement on independence of K is
[Tat67, Remark on page 172]. O

Proof of Theorem[3.13 First note that it suffices to prove
K' = RT(Gg/, BE%)

for some finite extension K’ of K where Bgryf[]{ is the Banach C-algebra from Section and with
respect to the field K.
Indeed, given this claim we can use Proposition [3.7] to deduce that

K' = RI'(Gk/, Ben)

for some finite Galois extension K'/K with Galois group H. Applying RI'(H, —), then yields the

theorem by Shapiro’s lemma as K’ is an induced H-representation (by the normal basis theorem)
with invariants K. - -

To prove the claim we first set up some notation. We set B := €D C’% and A := P Oc%.
n>0 n>0

We fix some e € Og\{0} and set t :== 1+ e-a. We equip B with the unique continuous Galois

action such that o(t) = x(o)t for 0 € Gx and x: Gx — Z, the cyclotomic character. (Thus, in

particular, if e = E'(7) up to OF, then B = BX from Section ) We can conclude

0 o(@) = x(o) -0+ X1
force Gxast=1+¢-a.

Step 1: Calculation of H°(Gx, B). We start by proving that
B9 = K.

For this we can use an analog of the embedding Equation (3]) and use [Col94, Théoréme 2.(i)]. Alter-
natively, we can argue directly and follow Colmez’ argument for Bge,, as we shall now demonstrate.
In the following we get slightly different series expansions due to the difference in Galois actions
on v and a.

Let K, C C be the completed p-power cyclotomic extension of K and let I' := Gal(K|K).
Since the action of G oo := Gales(C/Kx) on a is trivial, we see from the definition of B that

- an GKi _ p a\ T
(@.%) =(@uti)

Via the cyclotomic character x : I' — Z; — O %, we can identify I' with a closed subgroup of O .
Since it suffices to prove that there is a finite extension K'|K for which B~ = K’ we may for
any k € N assume after passing to K’ large enough that y has image in 1 + p*Z,,. Hence we may
assume that

y = é(x(g) —1) € pOk
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Let now g e l'and b:= ) bn% € B. Then since Gk acts trivially on y, we have

an a n m a™ k
Q(anm) = Zg(bn)wzz Z X m! k"

n>0 ’ n>0 n>0 k+m=n
o oo yk am™
(5) = D x@" (Do 9lmar) g |
m=0 k=0

Here we note that the sum in brackets converges in C because y € pOg. Assume now that g(b) = b
for all g, then by comparing coefficients of %, we see that this is equivalent to

9)" (Zg<bn+k>i!>

for all n > 0. Following Colmez’ argument, we now multiply both sides by g~* and apply for any
j > 0 the normalised trace tr;: Ko, — K to the j-th cyclotomic subextension K;|K. Then since
tr; is I-equivariant, we have

k
g—1trj(b) (e-y+1)" (Ztrj k) )

We can consider this expression as a function I' — K of the variable g € T' C Z) (recall that
y = 1(x(g9) — 1)). Then the left hand side shows that this function is locally constant, whereas the
right hand side shows that this function is analytic. It follows that it is constant, hence tr;(b,) € K
for all j, hence b,, € K. Consequently, for all n > 0 we have

(6) by =(e-y+1 (Zka k,)

For n = 0, this means that by = >~ bk%!, and comparing these inside C[[y]] we deduce that
bp =0 for k> 1. Hence b = by € K as desired.

1

Step 2: Calculation of H' (G, B). In order to compute H', we first wish to see that the natural
map

(7 H(Gr,C) = Hg(Gr, B)
vanishes. To see this, we consider the short exact sequence of C-linear G i-modules
0—-C—B— B/C—0.
From Tate’s theorem we know that
RI(Gk,C) = K & K[-1].
We claim that also
(B/C)9r = K

as a K-vector space. Once this is known, we see by comparing K-vector space dimensions in the
long exact sequence

0 — H°(Gk,C) - H°(Gk,B) — H(Gg,B/C) — H' (G, C) HY(Gk,B) - H (Gg,B/C)
=K =K, by Step 1

that is zero.
In fact, it suffices to see that (B/C)“k # 0 as it must then be of K-dimension 1. The non-
vanishing is witnessed by the element

= log(t) = 3 (-1 e
for which g(log(t)) = log(t) + log(x(g)) = log(t) € B/C. Before going on, we note that one can

also prove the claim (B/C)%% = K by arguing exactly as in the first part: Observe that as a
C-module there is a description
e~
B/C=HC- —

n>1

Like for B, we deduce that an element ) b, —, in the right hand side satisfies g(b,) = b,, if and
only if @ holds but this time only for n > 1 instead of n = 0. From this point on, the arguments
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diverge: We cannot conclude anymore by considering n = 0, instead we need to expand the right
hand side for n = 1, where we find

o k
b =b1+ Y (b + ekburii) o7,
k=1
and similarly for n > 2, where the expression is independent of b;. This means that we can choose
by € K freely, and then the vanishing of the coefficients in front of y* for £ > 1 impose linear
relations on the by, for k > 2 which determine b uniquely. Hence dimg (B/C)%x = 1.

To finish the proof of the Theorem, it remains by the above long exact sequence to show that
H'(Gg,B/C)=0
for i > 1. For this we again first reduce to the extension K..|K: First note that H(Gg_,B/C) =

@Hi(GKOO,C’) = 0 for 4 > 1 because Gk_, acts trivially on a and K, is perfectoid. Thus it
n>1
suffices to compute

H'(T,(B/C)%%)
as this is the only group having a potential non-zero contribution to RI'(Gk, B). We first note
that (B/C)%ke~ = @nleoo% =: D C B/C. We may by enlarging K assume that I is pro-cyclic.
Then we can choose a topological generator g € I' and compute H'(I', D) as the cokernel of the
map
g—1:D—= D.

It remains to prove that this morphism is surjective. To see this, it suffices to prove the statement
for g™ — 1 (for example because g — 1 divides ¢™ — 1, or by inflation-restriction for the closed
subgroup generated by ¢"). So we are later free to replace g by g™.

Let now b= 30 b, % € D, then using (f]), we have

> 0 k a™
(g-1b=>) <x(9)” (Z g(bn+k):2,> - bn> oE
n=0 k=0 : :

Let furthermore ¢ = Y~ cn% € D, then to show that c lies in the image we need to solve the

equation (g — 1)b = ¢, which is equivalent to asking that for all n > 1, we have

> k
e = (9(bu)x(9)" = bu) + Y X(9)" (o) -
k=1

In other words, if we consider (g — 1) as a continuous endomorphism of the Banach K,,-module D,
then in terms of the orthonormal basis (%)nZla this is represented by an infinite upper triangular
block matrix

gx(g) —1 * *

g-1= ax*(9) =1

(each block represents a semilinear endomorphism of a 1-dimensional K -vector space, and the
whole matrix a K-linear endomorphism). Moreover, we observe that the entries above the diagonal
are all p-adically small: Namely, let M be the matrix given by the upper triangular entries, then
we can assume that

M| < |yl

Indeed, after enlarging K we may assume that y € pOg, and then |%\ < |y| for all k > 1.
Lemma shows that the K-linear operator defined by the block matrix p := diag(p1, p2, .- .)
is bounded and continuous. We now consider

po(g—1)=1+poM,

then |pM| < p°|y|. Passing to an extension of K and replacing g by g™, we can make y = %(x(g)fl)
arbitrarily small. As passing to an extension of K does not change d, we can therefore assume
without loss of generality that |pM| < 1. Thus the matrix M is “topologically nilpotent”. In
particular, the matrix 14 pM is indeed invertible with inverse the bounded operator > - (—pM)*.
Thus g — 1 is invertible, showing that H'(I', D) = 0 as desired.

This finishes the proof of Theorem [3.12] O
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Remark 3.14. More axiomatically, in the spirit of the Sen axioms of Berger—-Colmez [BC0S]|, the
above proof works for any field K and with the coefficient field C' of B, replaced by the completed
cyclotomic extension K, |K with Galois group I' whenever the following conditions are satisfied:
(1) We have Tate’s Galois equivariant normalised traces Ko, — K, and
(2) The analogue of Lemma holds, i.e. for I' = Gal(K|K) we have H}(T', K,) = K,
and for any generator g € T" and n > 1, the map gx(g)" — 1 : Ko, — K has a continuous
inverse that is bounded, uniformly in n and for all finite subextensions of K|K.
Incidentally, we point out that the element « introduced in [BCOS8, §4.5] to describe the locally
analytic vectors for the Galois action in the Kummer tower can be taken to be our element (ez)?.

Remark 3.15. It is natural to ask if the analogue of the Theorem also holds for Colmez’ ring
B, with its natural Galois action by G Kooﬂ but this is not the case. Instead of filtering Bse, by
the subspaces Bg,, let us filter it by the subspaces

FﬂmBSen — Z bn%, ‘bn‘p7 Sup(l,m)-n — O

n>0

One has Fil" Bge, C B’S"egl for m > 1, and Gg
Fil"™ ™ Bgen, m > 0. Following the same line of argument with a replaced by u, we see that
since the action on w is given by g(u) = u + log x(g) instead of , we need to replace by

n 0 0 k 1

u Yo\ u

g E bnﬁ = E ( g(bl+k)k!> i
0

n>0 1=0 \k=

acts on Fil"Bge,. Take an element in

m—1

where this time y := log(x(g)). The essential difference is that there is no longer a factor of x(g)’
before the coefficient of 5. Consequently, following the same line of argument, the action of g — 1
with respect to (%)nzl is now given by a block matrix of the form
g—1 * *
g—1= g—1 *

But this has large cokernel as the cokernel of g — 1 on C' is H(Gk,,,C) = K,,. The conclusion is
that H'(Gk,, ,Fil" Bsen) is also large.
This is one way in which the ring Be, is “enhanced”.

4. C-SEMILINEAR (GALOIS REPRESENTATIONS VIA HODGE-TATE STACKS

In this section we prove our main result, Theorem [£.9] which gives a description of v-perfect
complexes on Spa(K) in terms of Hodge-Tate stacks. Let

Spa(K) := Spa(K, Ok)
be the diamond associated to K, cf. [Schi7, Definition 15.5], and its v-site
Spa(K).,
cf. [SchiT, Definition 14.1]. If Spa(R, RT) € Spa(K), is an affinoid perfectoid space over Kﬁ then
the natural map
mht: Spf(RT)HT — Spf(R™)
is an isomorphism, cf. [BL22b, Example 3.12]. This implies that for any Spa(R, R™) € Spa(K),
the morphism f: Spf(R*) — Spf(Ok) lifts naturally to a map
f: Spf(RT) — Spf(Ox)HT

over Spf(Ok). From here we get a symmetric monoidal, exact functor

ot Perf(Spt(Or)™™) — Perf(Spa(K),),
where the latter category means perfect complexes on Spa(K), for the “completed structure sheaf”

(Spa(R, R") — Spa(K,Ok)) + R.
"In the terminology of Colmez: i.e., for each m > 0, BZ* has an action of G, .

8Here and in the following we identify the v-site of K, which consists of perfectoid spaces S in characteristic p
and an untilt S* over Spa(K, O), with the site of perfectoid spaces over Spa(K, Og).
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Indeed, by definition

Perf(Spf(Ox )T = lim Perf(S).
Spec(S)—Spf(Ok )HT
where the limit is taken over the category of all (discrete) rings S with a morphism Spec(S) —
Spf(Ox)HT. Using the maps f: Spf(R') = @Spec(R*/p") — Spf(Ok )T, the construction of

a}* can now be stated as

(€5)spec(s)—spt(0r)rr = (RUM Egpec(r+ /pm)—8pt(05) 8T ) [1/P])spa(r, R+) > Spa(i,0k) -

By construction, the functor a}* induces a functor

ajc s Perf(Spf(Ox)"™)[1/p] — Perf(Spa(K).)
by passing to the isogeny category on the source.

Remark 4.1. The generic fiber Spf(Og);'" of the Hodge-Tate stack Spf(Ox)"" can be defined
as the (analytic sheafification of the) functor
(B,B*) — lim Spf(Ox )™ (Bo)
BoC BT ring of definition

on complete adic Huber pairs over (K, Ok), cf. [SW13, Proposition 2.2.2.]. Ideally, the category
Perf(Spf(Ox )" 1)[1/p] should be defined as a category of perfect complexes on Spf(Ok )™, By
[Mat22, Theorem 7.8] one can by descent define such a category of perfect complexes, and using
Cartier-duality over O for the Hopf algebra O¢_ (and Theorem [2.5)) see that each perfect complex
extends to Spf(Ox )17 so that the resulting category of perfect complexes should be equivalent to
our more concrete version Perf(Spf(O)HT)[1/p].

By v-descent of perfect complexes on perfectoid spaces, cf. [AB21l Theorem 2.1], the category
Perf(Spa(K),) identifies with the category of “continuous, semilinear representations of Gk on

perfect complexes of C-vector spaces” (here C = K as before)H Let us note that the usual
truncations equip Perf(Spa(K),) with a ¢-structure whose heart is the usual category of continuous
semilinear representations of G on finite dimensional C-vector spaces.

Our next aim is to prove the following result.

Theorem 4.2. The functor o : Perf(Spf(Ox)HT)[1/p] — Perf(Spa(K),) is fully faithful.

Remark 4.3. Given Proposition 2.9 and Tate’s calculation of the continuous Galois cohomology
H*(Ggk,C(n)), n € Z, Theorem might first seem trivial to prove: first, reduce checking fully
faithfulness to the case of morphisms between Breuil-Kisin twists Ogp(o,yur{n}, and then apply
Tate’s theorem.

However, this strategy does not work: the category Perf(Spf(Ox)HT)[1/p] is not generated
under colimits by Breuil-Kisin twistsm To remedy this one could hope to prove a more general
statement involving a certain rationalized version of D(Spf(Ox)"T). However, one then also needs
to enlarge Perf(Spa(K),) accordingly in such a way that aj, extends to a functor, which still
commutes with arbitrary colimits in D(Spf(Ox)HT). We do not know if this possible. This is why
we pursue a different strategy and use Theorem [3.12

We will start with some preparations. Fix a uniformizer 7 € Ok and consider the G-torsor
Zr = Spf(Aen) — Spf(O¢)

as in Section 3.1} The O¢-algebra A, is equipped with a continuous G k-action and a commuting
endomorphism © = ©4_ . Let (Ainf, J) be the perfect prism associated to O¢. After fixing a
choice
7= (m, 7P, ) e O
of compatible p-power roots of w, the Galois action and the operator © have been made explicit
in Section by mapping u € A, to [r°]. Note that under the equivalence from Theorem the
pullback along the map
[Spf(Oc)/GK] = Spf(Ox )™

9To make the continuity precise, one could use the solid formalism, or just use the oco-limit

. o+1 ~1: .
h%lperf(spa(a O¢)*™) = h%nperf(spa(C, Oc¢) x Gk*®).

10This is not a contradiction as the generation in D(Spf(Ox)HT) involves infinite colimits.
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identifies with the map
(M,B..01) = ib(M®0, Aen
where G k-acts via Ag, on the fiber. As in Section [3.1] we set
Ben := Aen[1/p].
Given Theorem we can conclude the proof of Theorem

Proof of Theorem[[.2 Let £ € Perf(Spf(O)"T) and let (M,0: 1) = B(E). Then o€ is the
perfect complex of C-vector spaces with G g-action

10+0, M®1
_

100 A, +Oe, M ®1 ~
_— M®(9K Aen)7

V = fib(M ®o, Ben
It suffices to show that the natural map
RT(Spf(Ox)™, €)[3] = RL(Gk, V)
is an isomorphism. Here, the left hand side identifies (by Proposition with

M @0, Ben).

fib(M 27 .
For the right hand side we use Theorem [3.12] Namely,
RU(Gr, V)
RT(G, fib(M ®0,, Ben —otom®L,
fib(M ®o, RI'(G K, Ben) 20O,

1

M ok Ben))
M ®0, RTU(Gk, Beon))

1

= fib(M 2= ),
where we used RT' (G, Ben) & K (with © = 0) in the last step. O

We now turn to the description of the essential image of the functor
Perf(Spf(Or ) 1) [1/p] — Perf(Spak,, O).
As the target admits a t-structure with heart the abelian category Rep~(G k) the claim reduces

to the question when a given V' € Rep.(Gk) lies in the image. Following [MW21], [Gao22] the
essential image should be given by the nearly Hodge-Tate representations.

Definition 4.4 ([Gao22] Definition 1.1.3]). A representation V' € Rep(Grk) is nearly Hodge-Tate
if its Sen operator © has eigenvalues in Z + 0o, jz, Mz C K where do, /7, = (E,(r))~! is the
inverse different ideal and ©: V' — V denotes the classical Sen operator as constructed in [Sen80].

To see this, we start with the following lemma:

Lemma 4.5. Let (M,0, ) € D(BG,) = D(Spf(Ok)"T). Then its pullback to Spf(O¢) is
isomorphic to the complex M@@K Oc¢ and if 0 € Gk, then the resulting action of o on M@@KOC
1s given by the composition

—1
~ o o~ Yoy .
M®o,Oc ELELN M®o,Oc o) M, M®o,O0c

with d(o) € G(O¢) defined in Corollary and Yq(o),m 18 as described in Lemma . Thus,
explicitly
o(m @ ¢) = X (0)°7/(m @ 1)er(c).

Proof. First of all note that by Corollary m the Galois action of o € Gx on Ae, = O, R0, Oc
is given by first applying Idp., ® o, and then Vd(0),06. B0, Oc" Now, we can apply the following

kg ) ™ K
general observation: If H is any group (in any topos) and V any H-representation with underlying
abelian group |V, then the map

HxV = Hx|V], (hyv) = (h,h )

is an isomorphism, which converts the diagonal action on the left hand side to the left multiplication
on H on the right hand side, and the right multiplication on H in H XV to the H-action on H x|V
given by g-(h,v) = (hg, h~1v). In particular, the invariants of the diagonal action on H x V identify
with |V] and the remaining right action of H with the inverse of the given action on V. Now we
can apply this to H = G,V = M and to the right multiplication on H. Formulated at the level
of comodules, this implies that
~ ~ 100 4g, +Oc, M @1 ~

M®OKOC = ﬁb(M®OKAen #) M®OKAen)
and that the right G -action on Ae, = OGW(@OK O¢ transforms to the inverse of the G.-action on
M. This implies the claim. ]
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For example, if (M, O ) = (Ok,e-n), then with z € C* as in Lemma
o(1®2") = Xm0 (0)" - 1@ X(0)"Xrr (0) 2" = x(0)"1 ® 2"
as expected.

Lemma 4.6. An object V € Rep(Gk) lies in the essential image of o if and only if it is nearly
Hodge-Tate.

Phrased in terms of prismatic crystals this result was conjectured in [MW21] and proved in
[Gao22, Theorem 1.1.5]. Note that the A; appearing in [MW21], [Gao22] is (probably) equal to
—O, by unraveling all identifications.

Proof. Assume (M, O, ) € Vec(Spf(Ox)HT)[1/p] maps to V, ie., V = M ®¢, C with the action
as described in Lemma Set z € C* as in Lemma@ Then

%) o) lo) ™

Passing to a finite field extension K’ of K as in Proposition yields 2z’ € C* such that

7 _ (o) (o) .

z
for all ¢ € Gk and such that w := (2/)®~/¢ converges. Then for 0 € Gg, m € M CV,

o(w-m) = a(w)x» (o) /m = x(o)O2/Cwm.

This implies that e© = O, s by the unique characterisation of the classical Sen operator © for
V, cf. [Sen80, Theorem 4]. In particular, © has eigenvalues in Z + E/ (m)my because O s has
eigenvalues in e - Z + my by Theorem Conversely, assume that V is nearly Hodge-Tate. Then
for any o € Gk the sum

Vo =X (0)©:V 5V
converges (see the proof of Lemma . Now define a new G g-action on V' by setting

o * v := Py (o(v)).
Again by classical Sen theory, we can find vq,...,v, € V such that for a suitable open subgroup
U C Gk, any o € U acts via

a(vi) = x(0)%v; = exp(© - log(x(0)))vi-
Using multiplication by w® on the K-span of v, ..., v, we see that VU-*, the space of invariants of
U for the action via *, has dimension n. In particular, V for the action via x has trivial Sen operator.
But this implies that it is generated by its G g-invariants M (more precisely, M ®@x C — V is
an isomorphism for M := V&&:*) cf. [Sen80, Theorem 6]. By construction, the given action on
V equips M with an action via x,»(0)®, i.e., V is associated with (M, e®) € Perf(BG,). This
finishes the proof. O

Remark 4.7. Alternatively, one could use Corollary [3.9)ro relate O » and ©.

Remark 4.8. The construction of aj is independent of any choice, but /3 depends on the choice
of a uniformizer w. Conversely, we can use these statements to clarify the way this description of
perfect complexes depends on these choices. Namely, let 7 € Ok be a second uniformizer. Then
there exists a unique isomorphism

Ozt Gz = Gr,

which is compatible with the two respective projections to G#

m*

Explicitly,

brn(tia) = (t —a),
e
where € := EL(7). The functor
0z D(BGL) — D(BGx)
sends a complex (M, O rr) to the pair (M, £ ar). But there is also a different equivalence, more
relevant to us. Namely, let

pr: SPE(OK) — Spf(Ok)™, pz: Spf(Ok) — Spf(Ok)™"
be the two morphisms associated with 7, 7. Then we obtain an equivalence
Bzt BGr 2 Spf(Ox)"™ = BGh,

which does not agree with 0. ». For example, 5, » does not map the trivial G-torsor to the trivial
G z-torsor.
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> 7%, which yield identifications between the three morphisms

f:Spf(O¢) — Spf(Ok)HT,
Spf(O¢) — Spf(Ok) 2= Spf(Ox)HT,
Spf(Oc) — Spf(Ok) £ Spf(Ox ).
Let £ € Vec(Spf(Ok)HT)[1/p] and denote by
(Mz,Ox) € Vec(BGx)[1/p], (Mz,0%) € Vec(BGx)[1/p]

the corresponding objects. Set V := f*€ € Repr(Gk). Then 7, induces an isomorphism V 2
M, ®@k C with action via X, cf. Lemma[4.5] Now Theorem [£.2|and the proof of Lemma [£.6]imply
that M, is the unique Gi-stable K-subspace of V such that G acts on M, via x» (7)9, where
©: V — V is the Sen operator. Similarly, M5 identifies with the unique G g-stable K-subspace of
V on which Gg-acts via xz»(—)®. This gives, in principle, a way of constructing Mz out of M,
or vice versa, or in other words describing instances of 5 :

Set z :=0( g:g;i};) Then

Fix compatible systems 7

for o € Gg. If 2® is well-defined, then
My =2° - M;
as subspaces of V. Thus, in this case the relation between M, and Mz is more direct.
We finally arrive out our desired description of the whole category Perf(Spa(K),).
Theorem 4.9. For any finite Galois extension L/K the functor
o, Perf(Spf(OL)")[1/p] — Perf(Spa(L).)

1s fully faithful and induces a fully faithful functor

af st Perf([SpE(OL)™ /Gal(L/K)])[1/p] — Perf(Spa(K).,)
on Gal(L/K)-equivariant objects. Each £ € Perf(Spa(K),) lies in the essential image of some
a*L/K. Consequently, we get an equivalence

2- limg Perf([SpE(O)"™ /Gal(L/K))[1/p] 2 Perf(Spa(K).),

L/K

where L runs over finite Galois extensions of K contained in K.

Proof. Full faithfulness of o is just Theorem [£.2] applied to K = L. By naturality of the Hodge-
Tate stacks the functor aj passes to Gal(L/K)-equivariant objects, and the resulting functor
o K is again fully faithful by finite étale descent of perfect complexes and full faithfulness of

aj. If V€ Repo(Gk), then its restriction W := V|, to some G for L/K a large enough finite
Galois extension will become nearly Hodge-Tate (with respect to L), and hence lies in the essential
image of . As W € Perf(Spa(L),) is Gal(L/K)-equivariant and o« fully faithful, the final
claim follows (note that each £ € Perf(Spa(K),) can be represented as a complex of continuous
G k-representations). O

Remark 4.10. More geometrically, one could consider the pro-system
Y =" lim” [$pE(0)"T /Gal(L/K)]
over finite Galois extensions L/K contained in K and consider the morphism
foro: 1SPE(0c)/GK] = Y,

obtained by the natural lifts Spf(O¢) — Spf(Or)"T. Probably, it makes sense to pass to a “generic
fiber Spa(K)"T” of Y and define a reasonable notion of perfect complexes on Spa(K)H"T (for the
analytic topology) in such a way that

Perf(Spa(K)HT) = 2- hﬂ Perf([Spf(OL)HT /Gal(L/K)])[1/p],
L/K

cf. Remark Then Theorem could more cleanly be stated as an equivalence.
Perf(Spa(K)™") = Perf(Spa(K).).

This would yield a description of v-bundles on Spa(K) in terms of the étale/analytic topology on
a certain analytic stack over Spa(K). We plan to come back to this question in future work.
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5. THE v-PICARD GROUP OF p-ADIC FIELDS

As pointed out in the introduction, Theorem (together with Lemma can be regarded
as an analogue of the local Simpson correspondence, in that it relates “small” semilinear C-
representations of G to “small” Sen modules.

Theorem provides (formally) a description of all Gi-representations. One might still ask
whether there exists a simpler, more classical description. As already mentioned in the introduc-
tion, one usually cannot hope for an equivalence of categories between v-bundles and Sen modules,
but is it still possible to give a more precise relation between the whole two categories?

As a first partial answer in this direction, we note that it is indeed possible in general to
extend the local correspondence between small objects, by the following immediate consequence
of Lemma [£.6] and Theorem

Corollary 5.1. There is a natural fully faithful functoﬂ

nearly Hodge—Tuate
{v-vector bundles on Spa(K)} - {Sen modules over K}'

One might hope optimistically that there is an equivalence between all v-bundles and all Higgs
bundles, like in the geometric situation. However, this is not the case. Indeed, the goal of this
section is to prove the following result, which evidences that over a local field, there are always
“fewer v-vector bundles than Higgs bundles”.

Theorem 5.2. For any complete discretely valued field K|Q,, there is a short exact sequence
0 — Picy(K) % K — Br(K)[p™] — 0
that is functorial in K. If K|Q, is finite, the last map can more explicitly be identified with
%Tr[q@p K — Qp/Zy,.

The map HT log will be defined in the proof. It has already been described by Sen [Sen80,
Theorem 7’|, as well as by Serre [Ser98, §III, A2, Proposition 2|, in terms of the continuous
cohomology Pic,(K) = H'(Gg,C*). Sen also shows that if the residue field is algebraically
closed, then HT log is an isomorphism [Sen80, Theorem 9’]. From the perspective of Theorem
this is because Br(K) = 1 in this case. Beyond this case, we are not aware of any previous
description of the cokernel of HT log.

Proof. Consider the morphism of sites v : Spa(K), — Spa(K)s. By Tate’s cohomological result,
we have R'v,0O = O. We instead consider the sheaf G,, on Spa(K), defined by T — O(T)*.
Following [Ser98|, §III, A2] or alternatively arguing as in [Heu22l §2], we see:

Lemma 5.3. The exponential induces a natural isomorphism R'v,G,, = O.

Proof. 1t suffices to construct natural isomorphisms
R'v,(14+mO") = R'1.G,,
exp: R'v,(1 +mO™) 5 R, 0.
Namely let Ko|K be any totally ramified perfectoid Galois cover with group A = Z,. Then the
first isomorphism is obtained by applying H!(A, —) to the short exact sequences

005 —KI—Z[i—=o0
oo p
0—=1+mg, — O —k*—=0
and using that H!(A, k*) = Homes(A, k%) =1 and H*(A, Z[ll)]) =1, where k is the residue field.
The second isomorphism then follows from the exponential sequence over C' = I:( . O

Since Picg (K) = 1, it follows that the Leray sequence of G, for v is of the form

1 — Pic, (K) 222 K 9%, 02 (K, Gp) — HX(K,G),

functorially in K. Let @ =: coker HT log = ker 9,,. It follows from the construction that HT log
admits a canonical splitting over pOg C K defined by the p-adic exponential function, hence @ is
a p-power torsion group. This shows that @ C Br(K)[p®].

To see the other containment, it now suffices to prove:

Lemma 5.4. H2(K,G,,) is p-torsionfree.

H'We note that the notion of “nearly Hodge-Tate” for a representation is independent of any choice and hence
passes to an intrinsic notion for v-bundles on Spa(K).
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Proof. The Cartan—Leray sequence of the A-torsor Spa(K.,) — Spa(K) is of the form
By = H"(A HN (Koo, Gi)) = H} ™ (K, G).

Since H (Koo, Gy) = H} (Koo, Gy) = 1, the column ES' vanishes. Using the above short exact
sequences, we moreover see that for any n > 2,

H'(AKZ)=H"(A) 14+ mg_ ) =1,

because we can write 1 + mg_ = liﬂn_ﬂ)o{m €Ky |lz—1 < |p|z%"} as a colimit of p-complete
Z,-algebras, for which H™(A, —) vanishes for n > 2. Thus the first column E$° vanishes in degree
n > 2. It follows that the natural map

H(K,Gp) < HY (Koo, Gy)
is injective. But HZ(Ko, G,y,) is p-torsionfree since H2(Koo, p1p) = HZ (Koo, ptp) vanishes for the
perfectoid field K by [Ces19, Theorem 4.10]. O

We thus get the first exact sequence, and it remains to identify the transition morphism in the
case of local fields: recall from local class field theory that there is a natural isomorphism

invg : Br(K) — Q/Z

such that for any extension L|K, we have invy(xz) = [L: K| -invg (x) for any = € Br(K). Via this
identification, we obtain a morphism, functorial in K,

Ok : K — Q/Z.

It follows formally that this morphism must factor through the trace Trg g, : K — Q,: namely,
assume without loss of generality that K|Q, is Galois, then the functoriality in K means that Ok
is G := Gal(K|Q,)-equivariant. Let n := |G| = [L : K], then for any « € K, we thus have

orc(@) = 0 201 = 30 01e() = 0 0P = (3 ) = e At ).
ceG ceG ceG ceG

Since %Trm@_)p (x) € Qp, this now equals

1
= [LIK]8g, (- Trkiq, (7)) = Og, (Ttk, ().
We can thus reduce to computing the homomorphism
9, 1 Qp = Q,/Z,

which is necessarily given by multiplication by some uniquely determined a € Q,, followed by
the quotient map. It therefore suffices in a second step to reduce to K = Qp(p,), where some
computations become easier.

In order to determine the element a, we consider the Galois cohomology of the short exact
sequence

0—= ppe =+ 14+me = C — 0.

Let G := Gal(C|K), then by tracing through the identification R'v,0* = O, we easily verify
that this induces an exact sequence

HY(Gg,1+me) — HY Gk, C) —L HA(Gx, pp)

! 5 l

Pic, (K) K H?(Gg,C™),

in which the first vertical map is surjective, the second is an isomorphism, and the third is injective
with image the p-primary part of the Brauer group.

It thus suffices to identify the morphism &’. This is a boundary morphism for Galois cohomol-
ogy, which we can make explicit: Let ngc@p(up) = K be the completed cyclotomic extension
with Galois group I' := Z,. Then any element of H!(Gg,C) is represented by a continuous ho-
momorphism I' — K given by v+ ~ - b for some element b € K. We note that since log is split by
exp over pOf, it is clear that &'(b) = 0 for b € pOgk. On the other hand, let b € K be any element
and let y € 1 + m¢ be a preimage of b under log. Then ¢’ sends y to the 2-cocycle I' = pi0

(8) (g:h) =y - g" (") - W) = (g"y/y)"
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We see from this explicit description that this 2-cocycle can be captured as follows: consider the
extension

Q;ycl(yl/pw)
A
ngcl -
v
K

with Galois groups as indicated. Due to the functoriality properties of inv, we know that any p”
torsion class in Br(K) is killed by an extension of K of degree p™. It follows that the kernel of the
map

Br(K) = H2(Spa(K), tipe) — H2(Spa(Q¥ (y'/P7)), ipe)

contains all of Br(K)[p™]. By a Hochschild-Serre sequence, and due to vanishing of H*(T', —) and
Hi(A,—) for any i > 2, we get a natural identification

9) Br(K)[p™] = Hl(n Hl(Avﬂp“’)) = Qp/Zy,

where the last map comes from the identification A = Z,(1).
It is now clear from construction that the explicit cocycle defines an element in the middle
term. To see when this vanishes in Br(K), it thus suffices to see when the 1-cocycle

g g y/y

is non-trivial. Via the identification from the Kummer sequence
Hl (Q;}’Cl’ /Lpoo) — Q;}’CIX ® Qp/Zp7

we see that this happens if and only if y is already contained in Qp” I, We claim that this is never
the case for b ¢ pZ,, for which it suffices to prove that no element b € K with |b| = |p| is such that
exp(b) has a p-th root in ngd. For this we use that the natural map

1 1
Q; /Q;p N ch)yc X/Q;yc Xp

is injective: Its kernel can be described via the Kummer sequence and the Cartan—Leray sequence
as the cohomology group H 1(Z;, pp) for the action of Z) on p, via al, = ¢, which vanishes.
Thus exp(b) has a p-th root in Q;ydx if and only if it has as in Q. Such a root cannot exist due

to the assumption that |b| = |p|, which would force 0 < |1 — exp(b*/?)| < 1, a contradiction to
bi/P € Q,. O

Remark 5.5. Does the natural map @D agree with (the p-primary map of) the canonical map
inv : Br(K) — Q/Z from local class field theory? This seems plausible, but a bit cumbersome to
prove since this morphism is constructed using the maximal unramified extension rather than the
highly ramified one we consider above. In any case, we do not need it for the description of the
image of the map HT log : Pic,(K) — K.

Since any morphism between v-line bundles on K is either 0 or an isomorphism, and the same
is true for Sen modules, we deduce from Theorem that in the case of rank one, Corollary
yields:

Corollary 5.6. There is a fully faithful functor, which is however not essentially surjective:

{v-line bundles on Spa(K)} — {Sen modules over K}

of rank one

Corollary gives another reason why we cannot expect to have an equivalence of categories
between all v-vector bundles and all Sen modules over Spa(K) that is compatible with both the
functor from Corollary as well as passage to finite extensions. In particular, this means that the
immediate analogue of the global Simpson correspondence fails in the arithmetic setting of smooth
proper rigid spaces over K. Moreover, it shows that the relation between v-vector bundles and
Sen modules is very subtle and sees non-trivial arithmetic information about K like the p-primary
part of its Brauer group already in the case of rank one.
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